MATH 150
Final Exam Tuesday, December 8, 2020

Name: K[///V

Remember to show your work. Unsupported solutions will
receive no credit.

Nothing takes place in the world whose meaning is not that of some

maximum or minimum.
— Leonhard Euler

Formulas

Z % o n(n+1) Volume | Surface Area
P 2 Cylinder | #r’h | 27rh + 2712

- n(n+1)(2n+ 1) —
Z K = 6 Sphere —r® 4grr?
k=1 13
Z B3 — n*(n+1)* Cone —ar?h | wrl 4+ ar?
k=1 4 L B -

Computation (60 points)

In this section, you may not compute integrals on your calculator (except to check). You
must integrate by hand to receive any credit at all.

1. (15 points) Differentiate. You do not need to simplify your answers.

(a) f(z)=052°—4a3 + 7z +2

Solution: f'(z) =5-62° —4-322+4+7-2z
(b) f(z) =e*sinx

Solution: f'(z) = 3¢* sinz + (cosz)e®

sinz

(c) Jflz) = 322 -4
(cosz)(3z* — 4) — 6z sinz
(322 — 4)2

Solution: f'(z) =

2. (5 points) Find an equation of the tangent line to the graph of f(z) = 2z +tan(3z) —1
at £=20.
Solution: We need a point and the slope. f(0) = 2(0) 4 tan(3(0)) — 1 = —1, so (0,1)
is our point. The slope, of course, comes from the derivative: f'(z) = 24 3sec?(3z),
50 f'(0) = 2+ 3sec’(0) = 5. Thus our tangent line has equation y — 1 = 5(z —0), or
y=5x+ 1.




6
. 3k
3. (5 points) Compute the sum E o, You do not need to simplify.
k=2

3k 3(2) N 3(3)  3(4) " 3(5) % 3(6)
k+4 244 344 4+4 5+4 6+4

Solution:

hE

o

=2

4. (20 points) Integrate. In the case of definite integrals, you must show all steps: a
numerical answer from your calculator is not sufficient. (That is, you must convince
me you know how to find the definite integrals without your calculator.)

(a) J[j6x3dx

6
Solution: = ZE

(b) /g + e"dz

1
Solution: = 61n |z| + 184” +C

(c) /1(3" +1)(32* + 62 + 4)12dx

L~ 1 1
Solution: = — / (62 + 6)(32® + 6z + 4)2%dr = . (322 +62+4)3| =
6/, 6 13 L
1

(B + 6(1) + 4% — (3(0)° +6(0) + 4)") = (135 - 4%)

(d) /Sin(a,‘) — %rf,x
4

Solution: = / sin(z) — 4z %dz = —cos(z) — —z '+ C = — cos(z) +

: +G.
~1

g3

5. (5 points) Compute: fllglo -
; , 00 2 i . . 3e*
Solution: This has the form —, so by L'Hopital’s Rule it equals lim —— = 1.
00

T—o0 e

6
6. (10 points) Compute / z*dz using the definition of the definite integral.
1

—1 5 5
Solution: First, Az — b = —. I will use right endpoiuts: z, = 1+ —k. We get:
T n n




10.

6 n 5 \25
f z2dz = lim Z (1 + —k) —
1 n—0od 1 T n

s 1 25 5
= lim Z (1 + —UR — ;gkz)

i

n—0G mn
k=1
= lim *—(n—f——— M = n(n+1)(2n + ))
n—0o0 T n 2 n 6
— lim (5+ 25(n+1) i 125(n+1)(2n + l))
n—0o T 6?12
125
=5+25
o+ 3
215
B

Concepts (60 points)

8
(5 points) If f'(z) = h}(:))ﬁ_é and g(z) = f(z) — 4, what is ¢'(2)?
= = = ! ! ! 3(2)2
Solution: Since f and g differ by a constant, ¢'(z) = f'(z). Thus ¢'(2) = (@) 16
n

(10 points) The graph of y = f(x) is shown below. Sketch a graph of y = f'(z) on the
same set of axes.

y= f(x)

(10 points) Let f(z) = 2" — 822 + 3. Use techniques of calculus to find the absolute
extrema of f on [0,3]. (Le., don’t just use your calculator!)

Solution: We need the critical points. Since f is defined everywhere, we only need
the kind that come from solving f/(z) = 0. We have f/(z) = 4z — 162 = Az (z® —4) =
dz(z — 2)(z +2), so z = 0,2, or —2. Of these, only 0 and 2 are in the given interval.
We evaluate f at the relevant critical points and the endpoints of the interval: F0) =
3, f(2) = =13, and f(3) = 12, so the absolute max is 12 and occurs at z — 3, and the
absolute min is —13 and occurs at = 2.

(5 points) Find the area of the region below the graph of f(z) = 16 — 2% between z = (
54 6 U et
23| 43 128

4
Solution: The area is / 16 — z%dz = 162 — —| = 16(4) — — —0=—.
0 3 1o 3 3



11.

12.

13.

14.

J%O.?S‘{O.Q? F0.22 +0.06¢ + o)

15

(10 points) For f(z) = \/z, use the tangent line to estimate 1/9.01.

Solution: Since 9.01 is close to 9 (a number we can compute the square root of
exactly), I will find an equation of the tangent line at z = 9. We have f(9) = 3
1 1
and f'(z) = f12y/z, so f'(9) = 6 Thus our tangent line is y — 3 = E(JI —9), or
0.01

1 I
Y= 6(:1‘ —9) + 3. At £ = 9.01, this becomes %(9.01 —9)+3= o + 3 = 3.00167.

(10 points) Sand drains through an hourglass at the rate of 2cm3 per minute and forms
a conical pile in which the height and radius are always equal. At what rate is the
radius of the pile changing when the volume is 97 cm3?

i
Solution: With equal radius and height, the volume of the sand pileis V = g?rrzh. =

1 . .
—7nr?. I chose to replace the h with r (rather than the other way around) because this

av 1 d d
question is asking us to relate V and r. Now 3 -3r2d—: = rgd—:. When the volume

1 . . av
is 97, r satisfies 97 = =7r>, 50 27 = ® and r = 3. Since we are given the rate i 2
Ldr  dr 2 '
we arrive at 2 = 32— s0 — = =.

dt’ T dt 9

(10 points) True or False. Assume f is differentiable everywhere.

(2) F (minimum) If f'(a) =0 and f”(a) > 0, then f(a) is a local maximum.
(b) T (definition) If F(z) is an antiderivative for f(z), then F’ (2) = f(z).
(c) T (MVT) If f(2) = 10 and f(5) = 4, then f’(c) = —2 for some ¢ € [2,5].
(d) T (f increasing) If f'(z) > 0 for all z, then f(4) is less than (7).

)
(e) F (CD) A function f is concave up if the slope of f is decreasing.

G

Applications (30 points)

(10 points) The graph below shows the velocity of a proton in m/s after ¢ seconds have
clapsed. Estimate how far the proton travels for ¢ € [1, 3] using 4 subintervals.

KM‘NL«{% r;‘ﬁlflf‘ @Jp@ffdﬁ.
o SO ;
N = ‘"E; = 02,5

Esebe ling e herghts)

. (10 points) In a certain chémical reaction, the concentration C of a chemical is given

4t . : dC
by €' = 5———. The rate of reaction is the derivative of C with respect to time, "

Find the rate of reaction at ¢ = 3 seconds.
A(7)—2(12) 4

dC  4(2t +1) — 2(4¢) B . B
T 2t 1)z .Att—3,thl.sls—7i-——_uzl§,

Solution:




16.

8

(10 points) Bilbo is designing barrels for the comfort of anyone who has to ride inside of
them. He wants the barrel to be a cylinder, and for storage reasons, its circumference
C = 2mr plus its length £ must be no more than 4m. What is the largest possible
volume of a such a barrel?

Solution: We are given that 277 + ¢ < 4, and the volume of the cylinder is V = 772/,
The bigger we can make r and 4, the bigger the volume will be, so well get the biggest
volume at the extreme 277 + £ = 4. Solving for £ gives ¢ = 4 — 2xr, and substituting
this into V yields

V =ar’(4 - 27r) = dar® — 2723,

Now V'(r) = 8rr — 6n%r® = 2nr(4 — 3xr). The critical points occur when V' — 0,
4

sor =0o0rr = 3 Now 0 < r < 5= (max 7 is when ¢ = 0), so we compute
T 7S

Z
V(0)=0,V(4/(Bn)) =7 (;) (4 — 27 - Oi) , and V(4/2r) = 0. The middle one is
m 2T

the max.
co Oy (4
7 i ‘al

Bonus! (10 points) M'.‘ ' Pac |2!¢{cc }lll‘):F’(X)
| H I
(10 points) The graph of f'(z) is given to the right. \ v ] 1!— il
Draw a possible graph of f(z) on the same set of axes. _ \ - ‘ ‘é 7
~q ' \ 4

[ 3 Vi

i—al |
bv, L WL g7l
(no Asoupholes = jot
dnidkrs!)




