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1. The two surfaces are both orientable and they have the same boundary curve, which is the circle
x2 + y2 = 4 in the plane. If we give them both a positive orientation, then both are equal to

R
C

F · dr,

and therefore equal to each other.

4. F =< x2y3z, sinxyz, xyz >. The circle x2 + z2 = 9 in the plane y = 3 bounds this cone. If we stand
so our head is in the direction of the y-axis, we must proceed counterclockwise to keep the surface
on our left. We can therefore parametrize the circle by r(t) =< 3 cos t, 3,−3 sin t >, so r′(t) =<
−3 sin t, 0,−3 cos t > .

ZZ

S

curlF · dS⃗ =

Z

C

< x2y3z, sinxyz, xyz > · < −3 sin t, 0,−3 cos t > dt

=

Z 2π

0
[(9 cos2 t)(33)(−3 sin t)(−3 sin t) + 0 + (3 cos t)(3)(−3 sin t)(−3 cos t)]dt

=

Z 2π

0
[2187 sin2 t cos2 t+ 81 cos2 t sin t]dt

=

Z 2π

0
2187

sin2 2t

4
dt

=

Z 2π

0

2187

8
(1− cos 4t)dt

=
2187

8
(2π)

=
2187π

4
.

5. Instead of integrating over the given surface, let’s integrate over the base. Both surfaces are bounded by
the same square, so we will get the same result. The boundary square needs to be parametrized in four
pieces. We are to be oriented outward, which means downward for the bottom face. We will need to
traverse in the direction from (1, 1,−1) to (1,−1,−1). The four boundary curves are parametrized by
r(t) =< 1, t,−1 > from t = 1 to t = 1, r(t) =< t,−1,−1 > from t = 1 to t = −1, r(t) =< −1, t,−1 >
from t = −1 to t = 1, and r(t) =< t, 1,−1 > from t = −1 to t = 1. Traversing these in this order will
move us around the square with a positive orientation. Now

ZZ

S

curlF · dS⃗ =

Z

C

< xyz, xy, x2yz > ·dr

=

Z −1

1
< xyz, xy, x2yz > · < 0, 1, 0 > dt+

Z −1

1
< xyz, xy, x2yz > · < 1, 0, 0 > dt

+

Z 1

−1
< xyz, xy, x2yz > · < 0, 1, 0 > dt+

Z 1

−1
< xyz, xy, x2yz > · < 1, 0, 0 > dt

=

Z −1

1
xydt+

Z −1

1
xyzdt+

Z 1

−1
(xy)dt+

Z 1

−1
xyzdt

= 0.

6. F =< exy cos z, x2z, xy > . To traverse the boundary in a positive orientation, we take r(t) =<
0, cos t, sin t >, so r′(t) =< 0,− sin t, cos t > . On this curve, F =< cos z, 0, 0 >, so F · r′(t) = 0.
Therefore,

R
C

F · dr = 0.

7. The plane given is x+ y + z = 1,or z = 1− x− y and curlF =< −2z,−2x,−2y > . Now



Z

C

=

ZZ

S

curlF · dS⃗

=

Z 1

0

Z 1−x

0
(−Pgx −Qgy +R)dydx

=

Z 1

0

Z 1−x

0
(2z(−1) + 2x(−1) + (−2y))dydx

=

Z 1

0

Z 1−x

0
(−2(1− x− y)− 2x− 2y)dydx

=

Z 1

0

Z 1−x

0
−2dydx

= −1.

8. F (x, y, z) =< e−x, ex, ez >, so curlF =< 0, 0, ex > . z = g(x, y) = 1− x− 1

2
y. When z = 0, y = 2− 2x.

We get

Z

C

=

ZZ

S

curlF · dS⃗

=

Z 1

0

Z 2−2x

0
(−Pgx −Qgy +R)dydx

=

Z 1

0

Z 2−2x

0
(0 + 0 + ex)dydx

=

Z 1

0
(2− 2x)exdx

= 2e− 4.

9. curlF =< xexy − 2x, y − yexy, z > . The region of integration is the disk x2 + y2 ≤ 16. Notice that
g(x, y) = z = 5, so gx = gy = 0. We get

Z

C

=

ZZ

S

curlF · dS⃗

=

Z 2π

0

Z 4

0
(−Pgx −Qgy +R)rdrdθ

=

Z 2π

0

Z 4

0
(0 + 0 + 5)rdrdθ

= 2π · 5
2
(42)

= 80π.


