Solutions to Homework Assignment 4

MATH 256-01
Section 2.1, Page 38
Problems: 1, 8, 13-20, 25, 26, 28, 32, 34

(b) It appears that in all cases, the solutions approach oo as t — co.

(¢) We need an integrating factor u(t) = e/ sdt — ¢3¢, Multiplying both sides by this gives e3ty’ 4

3edty = ted3t + el
d
We can see that the left-hand side is E(e?’ty). Integrating the right-hand side by parts yields

Loge L
—te? — —e’* +e' + C.
3 9
3t Lose Lo 1 1 —2t —3t
Therefore, e y:§te —56 +e +Candy:§t—§+e + Ce™".
Notice that the last two terms drop out as ¢ becomes large, so the solutions are asymptotic to
1 1
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(b) It appears that solutions converge to 0 as t — oo.

y = (1+t*)7%. We have an integrating factor of u(t) = of Tirdt _ 2mae) _ (1+1%)2.

t
!
(c) y'+ 14 ¢2
This gives



13.

14.

15.

16.

17.

18.

19.

20.

25.

1+ +4t(1+1%) = (1 +H) !

d
S+ )2y

BEENE

(1 +t*)%y = arctan(t) + C
__arctan(t) + c?
1+

Since arctan(t) is bounded, this does indeed approach 0 as t — oo.

p(t) = el —1dt — o=t 5o we get e~ty’ — ety = 2tet. The left-hand side is the derivative of e~ty. To
integrate the right-hand side, use integration by parts: Let u = ¢, dv = et. After integrating, we arrive
at ety = 2tet — 2e! + C, so y = 2te?* —2e% + Ce'. With t = 0,y = 1, and we have 1 = —2 4 C. Thus,
C =3 and y = 2te?" = 22! + 3e.

- d 1
wt) = el 2t — o2 5o we get e?! 4+ 2e?'y = t, or E[e%y] = t. Thus, e?'y = 5752 +C, and y =
1 1 1 1
(§t2 + C> e~ 2. With y(1) = 0, we get 0 = (5 + C’> e 2 s0C = —5 Therefore, y(t) = 567275(152—1).

2 1
Rewrite: 3" + V= t—1+ e Now u(t) = el it = g2t — 42 Thys, 2y + 2ty = 3 — 12 + ¢,

1 1 1 1 1 1 1 1

SO t2y = Zt4 — gts —+ §t2 + 07 and y(t) = ZtQ — gt + 5 + Ct72. y(l) = 5 lmphes C = E, SO

(t) = L 1t+ L + Ly
WER TR T Tt

int+ C

p(t) = 2 (See number 15.) We have t2y’ + 2ty = cost, so t>y = sint + C and y = % y(r) =0
. . sint
implies C' = 0, so y(t) = o
w(t) = el —2dt _ -2t -2t 2e %y = 1,50 e 2y =t + C and y = te? + Ce?'. y(0) = 2 = C, so
y(t) = te? + 2.

t) = t* (after rewriting; see number , SO0 we have t“y’ + 2ty = tsint. Integrate the right-hand side
I 2 (af iti ber 15 h 2y 42 int. I he right-hand sid

cost sint C
by parts with u = ¢ and dv = sint. The result is t?y = —tcost +sint + C, or y = 5 + w7 + ok
2

L 4 4AC 2 cost sint 7 1
y(7r/2):11mphes1:§+?7500:z—1. Thusy(t):—T+t—2+@—t—2.

For this one, it’s not hard to see that u(t) = t. Thus t*y’ + 4t3y = te~!, and integration by parts
(u=t,dv=re""gives tly = —te "t —e~t +C. Therefore y = —e~'(t 2 +t~*)+Ct~%. y(—1) = 0 implies
that —1 4+ 1+ C =0, so C = 0. Therefore y(t) = —e t(t73 + ).

1
We have 3’ + (1 + ¥> y =1 put)=el Lhide — pttint — got Thig gives tely’ + (t + 1)ely = tet, or

d 1 C 1 C
E(tety) = te!. Thus tely = tet —e*+C, and y = 1_E+t_t' y(In2) = 1 implies that 1 = 1_ﬁ+m;
e n n
1 2
thus, C' = 2. Theref tH)y=1— -+ —.
us, erefore, y(t) ;T

: 1 d
We solve. pu(t) = e/ 3dt — o3t Thus ety + Ee%ty = 2e2' cost. The left-hand side is a(e%ty). For
the right-hand side, refer to your calculus text under integration by parts, and find an example similar
1

83t 4
to /et costdt. We get ezly = C:; (5 cost + sint) +C,s0y = R (cost + 2sint) +Ce 3t y(0) = -1

4 4 1
gives —1 = 5 +C,s0 C=-9/5, and y(t) = 5 (cost + 2sint) — gefft.
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28.

32.

34.

1
For the maxima, we need the derivative, which we already know is 2cost — §y, or

1/4 9
2cost — 3 (g (cost + 2sint) — ge_ét) .

This is a mess, so I asked MAPLE to set this equal to zero and solve for me. It gave ¢t ~ 1.36 and
y =~ 0.82.

1
The question remains; is this really a maximum? I will use the second derivative test: ' + iy' =

1 1
—2¢int, so y” = —2sint — iy' = —2¢int — 3 (2 cost — %) . Evaluating the right-hand side at t ~ 1.36

and y =~ 0.82, we get 3y =~ —1.96; thus, the graph is concave down at this point and we do have a
maximum. Whew!

2 1 d 1
We have pu(t) = e/ 3dt — ¢3¢, This gives est + —efitly = (1 - —t) 3t so E(e%ty) = <1 - §t> edt,

w

2
Integrating gives

21 21 21
Therefore, y = 3 %t + Ce 23, y(0) = 3 +C =yp,s0C =yg— 3 This gives us

21 3 21\
)= 2= _ 2 _ .
y(t) 3 4+<yo 8)6

For y = 0 (where the graph meets the t-axis), we also want ¢y’ = 0 so we touch but don’t cross the
t-axis. From the original DE, this must occur at ¢t = 2, so we need y(2) = 0.

21 3 21
0="-2(2)+ (yo - —) e~22)/3

8 4 8
21 3 —ayz 21y
=——= — 3
s 2V
—0.433 = yoe_4/3
Yo = —1.643.

d
From experience, we can see that the integrating factor is e~*. This gives %(e_ty) =e ' +3e tsint.
—t
e
Integrating both sides with respect to t yields ety = —e™t — 5 (sint + cost) + C, and y = —1 —

3 ) 5
§(sint + cost) + Ce™". Since y(0) = yo = —5 + C, we have C =y + 3 Thus

y=—1- g(sint—i—cost) + (yo + g) et.

In order for this to remain finite, we need the exponential part to disappear, and the only way to make

5
that happen is to have yy = —5

Let us start with the solutions and work backwards: Let y(t) = 3 — ¢t + Ce™'. These are certainly all
asymptotic to 3 —¢t. Wehave ¢y’ = =1 —Ce ' =2—y —t,s0y’ +y =2 —t. I will let you solve this to
make sure it works.

Here again, we can let y(t) = 4—t>+Ce~t. Theny/ = —2t—Ce™t = —y—t>+4-2t,s0 iy +y = 4—2t 2.
Again, you can solve this to confirm it is correct.



