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Solutions to Homework Assignment 10

MATH 256-01
Section 3.1, Page 136
Problems: 1-17 odd, 20, 21, 29-43 odd

. The characteristic equation is 72 + 2r — 3 = 0, so (r +3)(r —1) = 0. Thus r = =3 or r = 1, and the

general solution is c;e ™3 4 cqel.

672 —r —1 = 0 implies (3r + 1)(2r — 1) = 0, so r = —1/3 or r = 1/2. The general solution is
cre /3 4 cqet/?,

r24+5r=0,s0r =0 or r = —5. The general solution is ¢; + cpe ™.

Here we have r2 — 9r +9 = 0, so r = 9+ Vi3 = 9i3\/§. The general solution is therefore
19F3VEI/2 4 () 9-3VE)t/2, 2 2

r24+7r—2=0,s0r=—2or r = 1. The general solution is c;e~2* + coe’. Since y(0)=1,¢1+c2 =1

Since y/(0) = 1, —2c¢1 + c2 = 1. This gives ¢; = 0 and ¢ = 1, so y(t) = e!. Thus y — oo and t — co.
6r2—5r+1=0,s07 = 1/3 or r = 1/2. The general solution is c;e!/?+coe?/2. Since y(0) = 4, ¢ +cz = 4.
Since y/(0) = 0, %1 + %2 = 0. This gives c; = —8 and ¢; = 12. Therefore, y(t) = 12¢"/3 — 8¢*/2. The

larger exponent will dominate, so y — co and ¢ — oc.

—5++/13
2

. The general solution is c1e(VI3=9)t/2 1 ) o(=V13=5)t/2  Gince

13—-5 —/13-5
O,\/_2 c1 + Vi3 co = 0. We have ¢; = 1 — ¢3, so

2
V13 -5 Vv13—-5 13—-5v13 .
——and ¢ = = . This
2 2v/13 26

2 4+5+3 =001 =

y(0) = 1, c1 + ca = 1. Since y'(0) =

V13 -5 —v13 -5
B —

¢ = 0. Thus v13¢cy =

13+ 5v13 13+ 5v13 13 —5v13
also gives ¢; = +—, so the solution is Jr—e(‘/ﬁ*‘r’)t/2 4 SOV T (+VIBH)/2
26 26 26
r24+8r—9=0,s07 = —9 or = 1. The general solution is ¢;e %" +cqet. Since y(1) =1, cre”94cqe = 1.
Since y'(1) = 0, —9c1e™? + cze = 0. Thus ¢ = 9c1e71%, 50 cre™® +9c1e™® =1, 50 ¢; = Eeg. This
9 1 9
gives co = 1—06_1, so the general solution is 1—06_9t+9 + l—Oet_l. We have y — o0 as t — oo.

We just need a characteristic equation with solutions 2 and —3; say, (r—2)(r+3) = 0, or r2+7r—6 = 0.
This corresponds to the ODE ¢y + 3" — 6y = 0.

We have 212 —3r 4+ 1 =0, s0 7 = 1 or r = 1/2. The general solution is c;e! 4 cpe/2. Since y(0) = 2,
c1+cg = 2. Since ' (0) = 1/2, ¢1 +¢a/2 = 1/2. Solving gives c; = 3 and ¢; = —1, s0 y(t) = —et +3et/2.

This is zero when 3e'/2 = e, or e//? = 3, which is t = 2In(3). For the maximum, we need 3/(t) =

—e! + ;et/Q. This is zero when e'/? = 3/2, or t = 21In(3/2). An examination of the graph shows that
this gives a maximum; its value is y(21n(3/2)) = —(3/2)? +9/2 = 9/4.

r?—r—2=0,s0r = —1 or r = 2. The general solution is ¢;e*4cye?’. Since y(0) = a, ¢14+c2 = «. Since

2 200 — 2 200 — 2 2
y'(0) =2, —¢1 + 2¢5 = 2. Thus ¢p = ot and ¢; = e . Therefore, y(t) = a3 et + at e?t,

In order to prevent y — +o00 as t — 0o, we need to eliminate the exponentially growing term. To do
this, let o = —2.

d
Put v = ¢',v" = y. Then tv' + v = 1. Thus a(tv) =1l,sotv=t+C, andvzl—l—%. Since v = ¢/, we
get y=1t+c1lnt+ co. (We are told t > 0.)
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With v = ¢/,v" = y”, we have 2t%v' + v3 = 2tv, so v(v? — 2t) + 2t = 0. M, = 3v? — 2t and
M, — N, 302 — 6t 3

N; = 4t, so this is not exact. However, —~ b= Y = ——, which is a function of v only.
-M —v(v? —2t) v

We may therefore use ;= v=3 as an integrating factor: (1 — 2t/v?) + (2t2/v3)v’ = 0 is exact. Now
2

t
Y =t —1t2/v> 4 h(v), so P, = N = 2t*/v® + I'(v), giving h/(v) = 0. Thus our solution is t — — = ¢y,
v
t t

SOV =*+——. Thisis ¢y = £—x—.
Vi+ca Y Vi+ca
u— C1

To integrate, let u =t + ¢;. We get + = +(u'/? — c;u™1/?). Integration gives

2 2
+ <§U3/2 - 201U1/2) +e== (g(t + 01)3/2 —2ci(t+ 01)1/2) + c2
2
L iTo (g(t te) - 261) +ep
2
= :Eg\/t + Cl(t — 261) + Co.

Whew! Also, since we divided by v = 1/, we need to check ¢ = 0. A quick inspection shows that y = ¢
is also a solution.

v 1
Letting v = ¢/, v" =y gives t*0' = v*, 50 — = a Note v = 0 is a solution, so y = c is a solution.
v
1 t -1 t 1
Now —— = —~+c¢1,509y =v = = — . Integration gives y = —— 4+ < In|1 —
v g oY 1—cit ¢ ci(1—cit) & ives ¥ g A2 |

1 1
Let v = ¢'. Then we have v' = y”, so v(dv/dy) = —y. Therefore, 51)2 = fﬁyz +ec1, and v = /1 — y2.
!
Now ¢y = y/c1 — 92, so Y = 1. Integration gives arcsin(y/\/c1) = t + ¢z, so y =

Vel —(y/ve)?
\/aSiIl(t + 62).

1 2 d
Let v = ¢'. Then v' =y, so v(dv/dy) = 52 Y Thus (2yv? — 1) + 2y2vd—v = 0. Since M, = 4yv
Yy Yy Y
and N, = 4yv, this is exact. Therefore, ¥ = y*v? —y + h(v) and ¥, = N = 2y*v + 1/(v), so I/ (v) = 0.
This gives

v —y=c

Yol —l=c+y

v = (Cl——gy) (new ¢1)
)
o Yarty
)

/
vaty o Y

y y+a
2 2
e1)/? =4t 4y Thus t4¢p = + [(y +¢1)1/? <§(y +c)— 2cl>} = :tg (y+ 01)1/2 (y — 2¢1).

2
Since v = 3/, we have ¢y = £ = +1. Integrating gives g(y +¢1)%? = 2e1(y +

d M, — N,
Let v = ¢/, so y"" = v(dv/dy). We have (v? — 2e7Y) + vd—v = 0. This is not exact, but ———* =
Y

N
2'1) — 0 . . 2 ¢ . . 2 2 2 d'U
= 2 is a function of y alone, so u = €Y is an integrating factor. We get (e*¥v* —2e¥)4ve yd— =
v Y

1
0, which is exact. Thus 9 = 51)2623/ + h(y), so 1, = M = v%e® + h/(y), giving h'(y) = —2€¥. Thus

1
h(y) = —2e¥, and our equation is 51)2627! —2e¥ = ¢y.
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++/4ev v
Now must solve for v : v = £/cre=2Y + 4e ¥ = 67_'_01. Thus Yy
ey ++/4e¥ + 1

t + ca. Solving now gives ¥ = (t + ¢2)? + ¢1, or y = In[(t + c2)? + ¢1].

+1
=1,and 7\/463/ +c =

1
Let v = ¢/, so vy = v(dv/dy). Then v(dv/dy) = 3y?, so 5112 = 3> 4+ ¢1. Now v? = 2% + ¢; and

v = +4/2y3 + ¢1. Since ¥y = v, we have ¢y = £4/2y3 + ¢;. Since 3/(0) = 4 and y(0) = 2, we have
4 = ++/2(2)3 +¢1, so ¢; = 0 (which is a good thing, or we'd be stuck!). Now 3y’ = +v/2y%/2, so
/

Y . . _ +4 2 .
—Z_ = ++/2. Integrating gives —2y~1/2 = +/2t + ¢ , 80 Yy = = . Finally (1),
372 & &8 Y 2 4 (V2t + ¢2)2 (t+c2)? v ()
2 _
y(0) = 2 implies that 2 = —, so ¢z = *1. To decide which, we differentiate: y’ = m, with
=)
4 2

! = — 0 = = — ==
y'(0) = ) 4, 50 ¢2 1. Therefore, y(¢) e

1 1
Put v =19',v" = y"”. We have vv’ =t, so 57)2 = §t2 +e1, or (y')? =12+ ¢;. With ¢/(1) = 1, this gives
1
11 =12 +¢1, 80 ¢ = 0. Now (y')? = t2 implies y' = +t, so y = i§t2 + co. With y(1) = 2, we get
1 3

1 3
2= 3 + ¢9, 80 cg = 3 Therefore, y(t) = §t2 + >



