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Solutions to Homework Assignment 13

MATH 256-01
Section 3.4, Page 158
Problems: 1-6, 7-21 odd, 24, 28, 29, 33, 35, 36, 37

el T2 = ¢(cos 2 + isin 2)
€273 = e2(cos(—3) +isin(—3)) = e?(cos 3 — isin 3).
™ =cosm+isinT = —1.

e2=/2 = ¢2(cos(m/2) — isin(n/2)) = —ie?.

. . 1
211 = (i=1)In2 — e=In2(cog(In 2) + isin(ln 2)) = 3 (cos(In2) +isin(In2)).

) ) 1
g2 = (C1H2)Inm — o=InT(cog(2In7r) + isin(21In7)) = —(cos(2In7) + isin(2In7)).
m

24

The characteristic equation is r?2 —2r +2 =0, so r = >

= 1+ 4. Thus, the general solution is
e'(c1 cost + cosint).

We have 72 +2r —8 =0, so r = —4 or 7 = 2. Thus, y(t) = cre™ 4 + ce?’.

—6++v—16
We have r? + 6r +13 =0, so r = — = —3 4 2i. Thus, y(t) = e 3% (cy cos 2t + ¢ sin 2t).
—-2++/-1 1
We have 72 +2r +1.25 =0, so r = — = -1+ 3t Thus, y(t) = e *(cq cos(t/2) + co sin(t/2)).

1
We have 1% + 7+ 1.25=0,s0 1 = ~3 + 4. Thus, y(t) = e ¥/?(ci cost + casint).

We have 12 +4 = 0, so 7 = 4-2i. Thus y(t) = ¢ cos 2t + co sin 2t. With y(0) = 0, we get ¢; = 0. With
y'(0) =1, we get 2¢co cos 2t = 1, 80 ¢cg = 1/2. Therefore, y(t) =

just continues to oscillate at the same amplitude as ¢t — oc.

2+ 416
We have r2—2r+5 = 0,s0r = ————— = 14+24. Thus y(t) = e’(c1 cos 2t+co sin 2t). With y(7/2) = 0,
we have ¢; = 0, so y(t) = cae’ sin 2t. This implies y/(t) = coe’ sin 2t + 2co€? cos 2t. With y/(7/2) = 2, we
get —2c0e™2 =2, 50 ¢y = —e~ /2. Therefore, y(t) = —e!t~7/2gin 2¢. This is an exponentially growing
oscillation.

1
3 sin 2t. Its graph is below; the function

“1+y/-4 1

We have r2 + 1 +1.25 = 0, so r = 5 —5 + 4. The general solution is therefore y(t) =
e t2(cycost + cysint). With y(0) = 3, we have ¢; = 3, so y(t) = e */?(3cost + cysint). Thus
y'(t)

3 3
o = 5 Therefore, y(t) = e t/2 (cost —3 sin t) . This is an exponentially decaying oscillation.

1 3
= —ie_t/2(3cost+ cosint) + e H2(=3sint + ¢y cost). Since y'(0) = 1, we get —5 +c2 =0, s0
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—2+v-136 —-1+£iv34

(a) We have 5r2+2r+7=0,s0 1 = 10 = E . Thus u(t) = e7"/°(c; cos(v/34t/5) +
1
cosin(v/34t/5)). u(0) = ¢; = 2,so u(t) = e~t/5(2 cos(\/ 4t/5)+co sin(v/34t/5)). v/ (t) = ge*t/s((Q cos(vV34t/5)+
cosin(v/34t/5)) 4+ e7/° (— sin(v/34t/5) + 2 cos(V3 t/5)> u'(0) = =2/5 + /34e /5 =
1, 50 c3 = 7/+/34. Thus u(t) = e~ /° (2 cos(v/34t/5) + Ve sin(\/34t/5)) .
(b) According to MAPLE, |u(t)| < 0.1 for all ¢ > 14.511 (approximately). (I graphed and zoomed in
until I could read off the t-coordinate fairly precisely.)
(a) We have already seen both that cost and sin t are solutions of y’+y = 0 and that their Wronskian
is nonzero.
(b) If y = €', then y/ = ie’ and y” = —e'’. Thus ¥’ +y = —e' + e =0, so y = €' is a solution.
Since ¢ cost + cosint is the general solution of y”” 4+ y = 0, we must have e”* = ¢; cost + co sint.
(c) Now e’ =1 = ¢;.
(d) ie = —sint + cg cost. With t = 0, we get i = co.
et + et cost+isint+cost —isint et —e7t  cost+isint—cost+isint
— = cost. = =sint.
2 2 2 2
Let a and b, a < b, be consecutive zeroes of y;, and assume that ys is never zero between a and b.

Then on the interval (a, b), yo is either strictly positive or strictly negative; without loss of generality,
we may assume that yo is positive on (a, b).

t
Consider now y(t) = yl—gt; Since y»(t) is nonzero on (a,b), this function is defined and differentiable
2
t t) —yh(t t
on (a,b). Notice that y'(t) = vty ([y) (t)?ﬁ( Jya ), and the Wronskian of y; and y; appears in the
2

numerator. Since y; and yo are linearly independent, this is nonzero on (a,b). However, y(a) = 0 and
y(b) = 0, so by Rolle’s theorem, y'(c) = 0 for some ¢ € (a,b).

This means that yo must be zero somewhere in (a,b).

We may argue similarly that between consecutive zeroes of ys there must be a zero of y;, so there is
one and only one zero of y, between consecutive zeroes of y;.

42 —2te="" 4 2tet

First, a +3 P1 c +2 ‘ = 0, which is constant. Let x = inte=t’/2dt. Then we have
/2 9e—3t2/2

d?y dy d?

2d2+< te*t/2+t7t/2)d + e y:O. Thissimpliﬁestod:g

Yy = ¢1 COS T + co sinx, where x = fe_t 124t

+ y = 0, which has solution

q +2pqg  3+6t3
2¢3/2 T 943

First, , which is not constant. We will not be able to use this technique on this DE.

q +2pg  2t+2(t)(t* - 1)

2
-1
Rewrite: y” + ; 4 +t>y =0. Then =1, so this will work.

2q3/2 B 243
1 d? d d? d
Let = [tdt = 5152 Thenth—‘g—l-(l—i-( 1))d—z+t2y:0givesdz+d—z+y—0 so we get
- . —1+4V3 o
the characteristic equation r2 +r 4+ 1 = 0. Our roots are r = — The solution is therefore

e~%/2(cy cos(V/3x/2) + cysin(v/3x/2)) = e’tz/‘*(cl cos(v/3t2/4) + ¢y sin(v/3t2 /4)).



