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Solutions to Homework Assignment 14

MATH 256-01
Section 3.5, Page 166
Problems: 1-13 odd, 16, 20, 23-29 odd

. The characteristic equation is 7> — 2r +1 = 0, so r = 1 is a repeated root. The general solution is

therefore y(t) = ciet + catel.

The characteristic equation is 472 — 4r — 3 = 0, so the roots are 7 = 3/2 and 7 = —1/2. The general
solution is therefore y(t) = cie™"/? + cye3t/2.
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The characteristic equation is 2 — 2r + 10 = 0, so the roots are r = >

= 1+ 3i. The general

solution is therefore, y(t) = et(cy cos 3t + ¢ sin 3t).

The characteristic equation is 472 + 17r + 4 = 0, so the roots are r = —4 and r = —1/4. The general
solution is therefore y(t) = cye~* + coe= /%,

The characteristic equation is 2572 — 20r + 4 = 0, so the root r = 2/5 is a repeated root. The general
solution is therefore y(t) = ¢;e?!/® + cyte?t/5.

The characteristic equation is 972 — 12r + 4 = 0, so the root r = 2/3 is a repeated root. The general

4 2c¢ot
solution is therefore y(t) = ¢;e%"/% 4+ cote®/. Since y(0) = 2, ¢; = 2. ¢/ (t) = gth/g—&—chzt/?’—I—&ezt/g.
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With ¢/(0) = —1, this is —1 = 3 +c2,80 ¢ = —3 Thus y(t) = 2e2*/3 — §e2t/3. Ast — o0, y — —o0.

0+ v—2916 {8_2916 = —é + 3i. The

general solution is therefore y(t) = e~t/3(c; cos 3t + ¢z sin 3t). Since y(0) = —1, we have ¢; = —1. Now

1 1
y'(t) = —ge_t/?’(— oS 3t + ¢ sin 3t) 4 e /3 (—=3sin 3t + 3¢, cos 3t). i/ (0) = 2 gives —g(—l) + (3e2) =2,

The characteristic equation is 972 + 6r + 82 = 0, so the roots are r =

5 5
s0¢y =g Thus y(t) = e~ /3 (— cos 3t + 9sin3t> . We have y — 0 as t — co.

The general solution (see page 164) is y(t) = ciet/? + catet/2. Since y(0) = 2, ¢; = 2. Now ¢/(t) =
t

et/? + coelt/? + %et/Z. Since y'(0) = b, we have 1 + ¢o = b, and ¢o = b — 1. The solution is therefore

y(t) = 2et/? 4 +(b— 1)tet/2. If b > 1, the solutions will grow positively; if b < 1, they will grow negatively.

)=
(a) This is simple algebra.
(b) W

)

b =cle” f 2adt _ 01672(”.
(¢) We know that y; = e ~% s a solution and that W = yyy5 —yoy;. Thus e~ 'y} —I—ae Uy = cre” 2,
We get eyl + ae®ys = c¢1. Now integrate both sides with respect to t. ey, = clt + ¢2, and

—at as another solution.

Yo = cite™ ¥ 4 coe %, This gives us te
Let y = vt?. Then y' = v/t? + 2vt and y” = v"t? + 4v't + 2v. We get t2(v""t? + 4v't + 2v) — 4t (v't? +
20t) + 60t = 0, so t*v” =0, so v/ = 0. Thus v = ¢t + co, and y = t® is another solution.

Let y = vt~!. Then ¢/ = vt~} —ot~2 and " = v"t71 — 20"t 72 + 20t 3. We get t2(v"t! — 20/t72 +
20t73) + 3t(v't 7t —vt72) +out™t = tv” +0' = 0. With u = ¢/, this is tu’ +u = 0, so tu = ¢; and u = %

Thus v = ¢; Int + ¢2. Our new solution is thus ¢! In¢. (That’s vt~ 1.)

Let y = vsina?. Then ¢/ = v/ sin 22 +2xv cos 22 and 3" = v sin 22 +4xv’ cos 2 —4a?v sin 2 +2v cos z2.

We get z(v”sina? + 40’ cosz? — 4x?vsina? + 2vcosz?) — (v sina? + 2zvcosa?) + 4advsina? =
o’ 1

—sinz?)v’ = 0. Let u = v'. The resulting equation is separable: — = — —
u T

2,11

xsinz?v” + (422 cos 22



29.

4z cos 22 . . az
————— Integration gives Inu = Inz — 2In(sin2?) + C, so u = v/ = — 12 5 =z csc?(x?). Recall
sin® x

sin 22

2

1
that the derivative of cot z is —csc®z, so we have v = —5a cot(z?).

. . 1 .
Finall =wvsinz? = —=¢; cosx?, S0 we may use y = cos 22 as our other solution.
Ys 5 s y

Let y = vz'/4€2V*. Theny’ = v’x1/462‘/5+ivz73/4ezﬁ+v171/462ﬁ = e2V7 <v'x1/4 + ivxii”/‘l + v:z:l/4>

and
e 1 1 3 1
"_ 21/2 <sz1/4 i Zm,73/4 4 vx1/4> N <Uu$1/4 i iv'x*?’/‘l _ vaﬂ/zx RSV 41;:1:5/4)
_ 2VE | g/t oyt (9am 1/t Ly e 3 )|
2 16
Now
1 3
2%y — (x —3/16)y = e>V* [U"arg/4 + <2x7/4 + 2x5/4> +v (3:5/4 - 163:1/4>} — (z — 3/16)vz'/*e2V®
_ 2VE |:,U//$9/4 o (2957/4 " ;x5/4>}
=0.
Thus, our differential equation is now the first-order equation (in v’)
1. 9/4 | 1 < 7/a 1 5/4)
vt o | 22T + ix =0.
" 1 1 —4\/x
This is separable: — = —2¢"Y/2 — ¢~ Thus In [v'| = —42'/? — ZInx 4 ¢1, so v = +9° " s
v/ 2 2 NZ

c
V= :F—le_4\/5+02. For our solution y, we may ignore the constants; we get y = val/4e2VE = gl/4e—2VE,



