11.

Solutions to Homework Assignment 17

MATH 256-01
Section 3.6, Page 178
Problems: 1-17 odd, 19-25 odd (a) only

. (D? = 2D - 3)y = 3¢, s0 (D —2)(D —3)(D + 1)y = (D — 2)(3¢?") = 0. The general solution of

this homogeneous equation is y(t) = c1e?® + c2e3 + cze™. The last two terms are solutions of the
corresponding homogenous equation, so our particular solution is y = ¢;e?. We have y’ = 2¢;e?* and
y" = 4cre?t, giving c1e?!(4 — 2(2) — 3) = 3e?!, so ¢; = —1, making the particular solution y = —e?".
Therefore, the general solution is y(t) = —e? + coe3t + cze™.

We have (D+1)?(D—3)(D+1)y = 0, or (D+1)3(D—3) = 0. The general solution of this homogeneous
equation is y(t) = cie™! + cate™t + czt?et + c4e3t. The first and fourth terms are solutions of the
corresponding homogeneous equation, so our particular solution is cote ™t + c3t?e ™t = (cat + c3t?)e™t.
We have 3y = (ca + 2c3t)e™ — (cat + c3t?)e ™ = (c2 + (23 — c2)t — c3t?)e ™ and y” = (2c3 — c2 —
2cst)e™t — (co + (2c3 — co)t — c3t?)e™t = (2c3 — 2¢o + (co — de3)t + cst?)et.

Now (2c3 — 2¢o + (c2 — 4e3)t + cat?)e™t — 2(ca + (23 — c2)t — cat?)e™t — 3(cat + c3t?)e™t = —3te™".

3 3
This implies 2c3 — 4¢3 = 0 (no e™! terms) and —8cz = —3. Thus c3 = 3 and ¢y = 6 The general

3 3
solution is therefore y(t) = cie™ + Ete_t + the_t + ¢4t

The annihilator is D(D — 3)3, so the differential equation is D(D — 3)3(D? + 9)y = 0. The particular
solution will have the form y(t) = ¢; + coe3! + csted + cyt?e3t. Ugh.

y' = (3ca + c3 + et + 2¢4t + 3eqt?)e3 and y”’ = (33 + 2¢4 + 6cat + 9ca + 3¢z + st + 6eat + Iegt?) el
We get

9(3c3 4 2¢4 + 6eqt + 9o + 3c3 + 9est + 6eqt + 904t2) +9(cg + cst + C4t2)]63t +9¢; =23 + 6
9c1 + (2¢4 4 18¢y + 6¢3) + t(12¢4 + 18¢3) + t2(18¢4) = t2e3 4 6.

This gives 9¢; = 6 and ¢4 = 1/18. From there, we find ¢ = —1/27 and ¢z = 1/162. The general

1 1
solution is y(t) = c1 cost + cosint + 3 + @e?’t - 2—7te375 + 1—8t263t.

We have D3(D?+1)(2D +1)(D + 1)y = 0. The particular solution has the form y(t) = ¢ + cot + c3t> +
cqcost + cssint. (We could also solve for t? and 3sint separately and add the solutions.)

Y'(t) = ca + 2c3t — cqsint + ¢z cost and y” (t) = 2¢5 — cq cost — ¢y sint. We get
2(2c3 —cycost—cssint)+3(co+2c3t —cysint+cs cost) + (¢ +cat+c3t? +c4 cost+cssint) = 2 +3sint.

Now 4cg +3ca + ¢1 = 0,6¢3 + ca = 0,¢5 = 1 gives co2 = —6 and ¢; = 14. Also, (—¢q4 + 3c5) = 0 and
(—c5 — 3cq) = 3 gives 10c5 = —9, so ¢5 = —3/10 and ¢4 = —9/10. The general solution is therefore

9 3
y(t) = cre t? 4 coe ™t 412 — 6t + 14 — — cost — — sin .

10 10
The annihilator is D? + w?, and it does not reproduce any roots of the original characteristic equa-
tion. The form of the particular solution is ¢; coswt + cysinwt. We get —ciw? coswt — cow? sin wt +
wa(ey coswt + co sinwt) = cos wt.
1
Thus —cow? + czwg =0,80 cg =0, and —ciws + clwg =1,s0c = —- The general solution is

wh —w

1
y(t) = c1 coswot + c2 sinwopt + —5—— coswt.
wy —w

(D? — 1) will annihilate sinh¢ since D(sinht) = cosht and D(cosht) = sinht. This will not duplicate
any solutions of the homogeneous equation, so we get the particular solution y = cie! + cpe™t, which
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we could (and probably should) rewrite as Y = ¢j cosht + ¢ sinh ¢ (with a different choice of ¢; and
c2). We get

(c1cosht + cosinht) 4 (¢y sinht + ¢ cosht) + 4(cq cosht + ¢y sinht) = 2sinht, so 5¢; + ¢ = 0 and

¢1 + beg = 2. This gives —24¢y = —10, so co = 5/12. We also get ¢ = —1/12. we have Y (t) =
1 5 —14++v—-15
1 cosht + 12 sinh t. Solving the corresponding homogenous equation gives us r = — SO
1 5

we have y(t) = cie %2 cos(v/15t/2) + coe™/? sin(v/15t/2) — T cosht + - sinh ¢.

Our annihilator is D?, so we have D?(D+2)(D—1)y = 0. We get Y (t) = ¢ +cat, 50 Y’ = cg and Y = 0,
1

leaving us with ¢y — 2(¢1 + cot) = 2¢; thus, ¢ = —1 and ¢; = —3 Now y(t) = cre™ 2t + cpel —t — 3

1
y(0) = 0 gives us ¢; + ¢c2 — 3= 0 and 3’(0) = 1 gives us —2¢; + ¢ — 1 = 1. Solving yields ¢o = 1 and

1 1 _ 1
a=-—3 Thus y(t) = —5e et —t— 7

The annihilator is D(D — 1)%, so we get D(D — 1)*y = 0, and Y (¢) = c1 + cat?e’ + czt?el. Y/ =

e!(2cy + 3cst? + cot? + c3t?) and Y = el (2¢y + 3cst? + cot? + c3t® + 6est + 2cat + 3est?). Now

e! (2o +3c3t? + cot? + c3t3 + 63t + 2ot + 3ezt?) — 2t (2c0 + 3ezt? + cot? 4 e3t3) + (1 + cot?el +cstdel) =
1

tet +4,s0 ¢c; =4,—2c3 = 0, and 6¢c3 = 1. Thus Y (t) = ét?’et + 4. The solution to the corresponding

1
homogeneous equation is cie’ + cate!, so y(t) = cre’ + cote’ + 6t3et +4. y(0) =1 gives ¢; +4 =1, s0
1
c1 = —3.9y(0) =1 gives ¢; + c2 = 1, so ¢cg = 4. Finally, y(t) = —3e’ + 4te + 6t3et + 4.

The annihilator is D? + 4, so we have (D? + 4)?y = 0. The particular solution is Y (t) = At cos2t +
Btsin2t. We get Y/ = Acos2t — 2Atsin 2t + Bsin2t + 2Bt cos2t and Y = —2Asin 2t — 2Asin 2t —
4 At cos 2t + 2B sin 2t + 2B cos 2t — 4Bt sin 2t. This gives

(—4Asin 2t — 4At cos 2t + 2B sin 2t + 2B cos 2t — 4Bt sin 2t) + 4( At cos 2t + Btsin 2t) = 3 sin 2t,

so —4A+ 2B = 3 and 2B = 0. This means A = —3/4 and B = 0, so we now have y(t) = ¢ cos 2t +
1

3 3
co sin 2t — Ztcost. With y(0) = 2, we get ¢ = 2. With y/(0) = —1, we get 2¢o — = —1,and ¢y = -5

1 3
Therefore, y(t) = 2 cos 2t — 3 sin 2t — Zt cost.

The annihilator is D3(D+3)3(D?+3), so the equation becomes D®(D+3)*(D?+9)y = 0. The particular
solution has the form cit + cot? + c3t3 + cat? + c5t® + cote ™3t + crt?e 3t 4 cgtPe 3t + g cos 3t + ¢ sin 3t.

e! cos 2t is annihilated by D? — 2D + 5. €%!(3t + 4) sint is annihilated by (D? — 4t + 5)2. The original
operator is (D —2)(D —3). The form of a particular solution is therefore Y (t) = c1e’ cos 2t +cqe’ sin 2t +
cse®t cost + cae?t sint + cste® cost + cgte?t sint.

To annihilate these, we need D3, (D — 2)2,(D? + 4)2. The corresponding homogeneous equation is
(D — 2)%y = 0 Thus, the form of Y is Y (t) = ¢ + cat + c3to + cyt?e® + c5t®e?t + cg cos 2t + 7 sin 2t +
cgt cos 2t + cg sin 2t.

Ugh. The corresponding homogeneous equation is (D + 2)(D + 1) = 0, and the annihilators we need
are (D? —2D +5)%,D? 4+ 2D + 2, and D — 1. The form of Y is therefore

Y(t)=c et cos 2t+coel sin 2t+-cste’ cos 2t+eytel sin 2t+05t2€t cos 2t—|—06t2et sin 2t+cre ! cost+ege tsint+egel.



