Solutions to Homework Assignment 24

MATH 256-01
Section 5.3, Page 253
Problems: 1, 5-10, 12, 13, 15, 16, 18, 21

- ¢ (x) = —x¢!(x) — @(x), so ¢"(0) = =¢(0) = —1. ¢"'(x) = =¢'(x) — x¢"(z) = ¢'(x), so ¢"'(0) =
—2¢/(0) = 0. ¢V (2) = ~2¢"(2) — ¢ (z) — 2¢" (), s0 ¢ (0) = ~3¢"(0) = 3.

. p(z) and ¢(x) are analytic on (—oo, 00), so the radius of convergence of a solution is co for both points.

. plz) = ¥. This is analytic everywhere except x = 3, —1. There is a series solution at
(x —3)(x+1)
xo = 4 with a radius of convergence of at least |4 — 3] = 1. The solution at zy = —4 has a radius of

convergence of at least | —4 — (—1)| = 3. The solution at zo = 0 has a radius of convergence of at least
0- (==L

. The denominator for both p and ¢ is #® + 1 = (z + 1)(2? — # + 1). The zeros of this are # = —1 and

1+v-3 1
r=—"—-=

5 =3 + v/32i. These are all a distance of 1 from zy = 0, so the solution at zg = 0 has a

radius of convergence of at least |0 — (—1)| = 1.

1
The distance from zg = 2 to —1 is |2 — (—1)| = 3. The distance from z¢ = 2 to either of 3 +V/32i is

2
1 2 3 9 3
(2 — 2) + ({ — 0) =11 + 1= /3, which is smaller than 3. Thus, the series at zy = 2 has

a radius of convergence of at least v/3.

. p(x) = 0 is analytic everywhere, but g(x) = 0 is not analytic at g = 0. The radius of convergence is
1—-0]=1.

—~

a) p(x) and g(x) are constants, so the radius of convergence is oo for any choice of zg.
b

C

—~

Since P(z) is a constant, the radius of convergence is co for any choice of xg.

Since P(z) is a constant, the radius of convergence is co for any choice of .

==

The only singular point is = 1, and it is 1 unit from zq =0, so p = 1.

)
)
)
) Since P(x) is a constant, the radius of convergence is oo for any choice of zg.
)
)

The singular points are at x = +iv/2. The distance from these to 2o = 0 is \/(O —0)24 (vV2-0)2 =
V2,50 p= /2.

Since P(z) is a constant, the radius of convergence is co for any choice of zg.

)
(h) The only singular point is 2o = 0, and it is 1 unit from xzo = 1. Thus p = 1.
) The singular points are 4, and they are 1 unit from xg =0, so p = 1.

)

The singular points are +2, and they are 2 units from zg = 0, so p = 2.



(k) The singular points are ++/3, and they are v/3 units from 2y = 0, so p = v/3.
()
)
)

(m
(n) Since P(x) is a constant, the radius of convergence is co for any choice of zg.

The only singular point is 1, and it is unit from zg = 0, so p = 1.

Since P(z) is a constant, the radius of convergence is co for any choice of xg.

10. (1 —22)y” —azy’ +a?y =0.

o0 o0 o0
a) Let y = Z ayz". Then 3y = Z apnz" ! and v = Z ann(n —1)z" 2. We get

n=1 n=2

(1—x2)y —zy +« y—Zan+2 n+2)(n+ 1z Zan n—1)x Zann:ﬂ —|—Za an®

n=0
= (2ay + a?ap) + (6as + a1 (a® — 1))z + Z[an+2(n +2)(n+1) — a,(n?® — a?)]z"
n=2
=0.
2 2 2
ap (1-a%)ay an(n—a)(n+ a) L az(4 — a®)
Thus as = —T,ag = —% and apqo = ?n—i— CESI This gives a4 = W =
2(92 _ 2 2 _ 2 1—a2)(3 — a2
*w,as = a3(35 4a ) = ( a )(5?: a )al,.... We get the two linearly indepen-
dent solutions )
2 2092 _ 2 2092 _ 242 _ 42
B o 5 af(2°—0a?) 4, af(2°—a®)(4*—a?) 4
yl(t)flf?x - 1 xt — Gl x’ — ...
" 2o (- e
l1-«o 1-a%)(3* -«
valt) = v = 3! - 5! i

(b) If & = m, then one of the series will terminate when n = m, leaving just a polynomial. (The other
solution remains an infinite series.)

(¢c) If @« =0, then ay = 0, so y(x) = 1 is a polynomial solution. If « = 1, then az = 0, so y(z) = =
is a polynomial solution. If a = 2, then a4 = 0, so y(z) = 1 — 222 is a solution. If a = 3, then

4
as =0, so y(z) =z — ga:?’ is a polynomial solution.

o0
12. The radius of convergence should be infinite since e* # 0. e*y” + xy = 0. Let y = Z anz™. Then
n=0

o0 o0
y = Z apnz™ ! and ¢ = Z ann(n —1)z" 2. We get
n=2

e””y”+xy—<z )(Zan (n—1)z >+x§:anx”

n=0 n=0



13.

15.

2 3 4
= (1 +x+ % + % + % —|—> (2a2 + 6asx + 12a4x2 +20a5x3 +3Oa6x4 +) + (a0x+a1x2 +a2m3 +a3x4 4+

1
= (2a2) + (2a2 + 6as + ag)z + (12a4 + 6as + az + al)x2 + (20a5 + 12a4 + 3as + gag + ag) %+ (30a6 + 20as + |

=0.
Th = = — 0,03 = —~ —1(+6)—1+1 S + Lao ) =

us o = ap, a1 = a1, a2 = 0,43 = —wao, a4 = —platbay) = —gartoa0,a5 = =50 ( —a1+ a0 — 500 | =
1 1 1 1 1 +1 1 1 1
—ay; — ——ag,a6 = —=— | a1 — —ap — =a1 + —ap — =ag | = ———=ay — =ag, .. ..
200" 40 0T 30\t 270 2Tt TR0 g 60" 6

1 1 1 1 1 1

We h =1—-24+ —2*— —2°+ ... and =1—-—a*+ —a®— —ab+.. ..

e have y;(x) 6% +12x 0° + ... and yo(x) 2% +20x a0 +
Mercy!

[ee] (oo} oo
Let y = Z anz™. Then ' = Z ap,nz™ ! and y’ = Z ann(n —1)z" 2. We get
n=0

n=1 n=2

(cosz)y” + 2y’ — 2y

.’,U2 .’,U4 LE6 oo o0 o0
= (1—2—|—4'—6|—|—...> Z:ann(n—l)xn*2 +xZannx”71—QZanx”
’ ’ n=2 n=1 n=0

( x2 ozt S

1-— 5 + T + .. ) (2a2 + 6asz + 12a422 + 20a52> + 30a6x4 + 42a72° + .. ) + (ala: + 2a222% + 3asz® +

— (2a0 + 2017 + 2a02% + 2a3x3 + 2a47t + 2a5x5 .. )

1
= (2ag — 2a9) + (6az + a1 — 2a1)x + (12a4 — az + 2az — 2az)2* + (20as — 3az + 3az — 2a3)x> + (30(16 — 6ay + 3

1
+ (42&7 — 10as5 + —agz + bas — 2(15) z° + ...

4
=0.
1 1 1 as 1 1
ap = ap,a1 = a1,a2 = Aap,a3 = 6@1761,4 = Eag = ﬁao,% = E = @al,ag = % (4@4 — 12&2) =
1 ap ap ap 1 7 1 1
30 (3 — E) =201 (60a1 — 24a1> = 550t We get

1 1 1 1 1
=142+ —a'+ —2%4... and = ot a4 —a" ..

piw) = 1+a%+ et + opat o and ya(w) =@+ Gat + Grat 4 gt +

Let y(z) = c1x + cax?. Theorem 3.2.1 guarantees us that we can prescribe the values y(0) and y'(0) to
be whatever we want, provided that p(z) and ¢(z) are continuous at x = 0. However, y(0) = 0 because
of the form of our solution, so we cannot choose ¢; and ¢z so that y(0) =1 (for example). Thus, p(z)
or ¢(z) is not continuous at © = 0, and therefore also not analytic at z = 0, so = 0 must be a singular
point.



16.
18.
21.



