Solutions to Homework Assignment 27

MATH 256-01
Section 5.6, Page 271
Problems: 1-11 odd
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1. We first multiply through by g to obtain the desired form: z2y” + §J:y’ + ixzy = 0. It is easy to see

1
that this has a regular singular point at = 0. We have py = 3 and go = 0 (with p; = 0 and py = 1/2).
The indicial equation is 7% + (1/2 —1)r =0, or 2r2 —7 =0. Thus r = 1/2 or 7 = 0.
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Let y = Z anx™*". Then y' = Z an(n+7r)z" " and y" = Z an(n+r)(n+r—1)z"T"2 We get

n=0 n=0 n=0

2:13‘23/” +xy’ +x2y

Z 2a,(n+7)(n+r—1)z"t" + Z an(n+7r)a™ " + Z Az T2
n=0

n=0 n=0
= Z 2an(n+7r)(n+7r—1)+ap(n+r)) "t + Z Ap ot
n=0 n=2

=ao(2r(r — 1) +r)2" +a (2(r + D)r + 7+ 2" + i[an(n +7)2(n+7r—1)+1) + a,_o)a™t"
n=2

=0.

The first term is just the indicial equation, which we have already solved. The second implies that
a1 = 0 regardless of whether we choose r = 1/2 or r = 0. We have

Gp—2
anp = — .
(n+m)2n+r)—1)
With » =0, we get a,, = 7£. Thus ag,+1 = 0 for all n (since a; = 0).
n(2n —1)
. A2m—2 ao
Let n = 2m now to consider only even n. We have ag,, = —————. Thus as = ———,a4 =
2m(4m — 1) 2-3
as ap aq aop - (—1)ma0

gooe e
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The corresponding solution is

1 1 (—n)m
=1— 2?4+ —zt— ... moy
(@) 6" T 168" T 3 amont T
. Ap—2 20,2 . .
With r = 1/2, we get a, = — = — . Again, since a; = 0, all of

(n+1/2)(2(n+1/2) - 1) (2n +1)(2n)
the odd-numbered coefficients are zero, and we need only consider the even coefficients as,,. This gives

o — —_ dam-2
T om(dm 4+ 1)

%o a2 ao (=1)™aqg .
= — = — — m = ,Th S d‘lt
T M T Ty g T 2259 T T il 59 (dm £ 1) ¢ second souhon

is therefore
1 1 —1ym
ya(x) = a1 — =2+ ——at — .4 ) +...
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3. Multiplying through by x gives 2%y” + 2y = 0, so xp(x) = 0 and 2%¢(x) = x. Therefore, py = 0 and

go = 0, so the indicial equation is just r> + (0 — 1)r +0 = 0, or r(r — 1) = 0. The roots are 0 and 1.
Since these differ by an integer, we will only find a solution for the larger one.

With r =1, we have y = Z apz" Tty = Z an(n+1)z", and y’ = Z an(n+1)nz" !, The equation
n=0 n=1

n=0
becomes

1

Yy +y
oo o0
= Z an(n+ 1)nz™ + Z anx™
n=1 n=0

an(n+ 1)nz™ + Z Gp12"

n=1

M

3
Il
—

[an(n+ 1)(n) + ap_1]a"

M

n=1
=0.
Ap—1 ag a1 ao as
We h = —————.Th = — 20 _ & a0 _ o a
S 1) T 2.1 " 3.2 3.2.2.1'% 13
o _ (=D"ao o
_F?)!,...’an—m,....rfhe solution is
_ 1 2 1 3 1 4 (_1)n .
yl(x)*ic*ifﬂ +3|2'$ 7T3!x ++mx

(s0 po = 2/3) and 22q(z) =

[SCR )
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5. Dividing through by 3 gives z2y"” + gxy' + §x2y = 0. We have ap(z) =

1
gxz (so go = 0). The indicial equation is therefore r2 4+ (2/3 — 1)r +0 = 0, or > — 1r/3 = 0. Thus

r =0 or r = 1/3. These do not differ by an integer, so we need to find both solutions.

oo oo oo
Let y = Z anz"*". Then y' = Z an(n+7r)z" " and y" = Z an(n+7r)(n+r—1)z""""2 We get

n=0 n=0 n=0
322y + 2xy’ + 22y

= Z 3an(n+r)(n+r—1)z"t" + Z 2a,(n 4 r)z" " + Z 4zt

n=0 n=0 n=0
(oo} oo
= Z an(n+7)B3n+r—1)4+2)2"" + Z Y
n=0 n=2

=aor(3r — 1)z" +ay(r +1)(3r +2)2" ! + Z[an(n +7)B(n+7r—1)+2) + a,_o)a™t"
n=2

=0.

Gp—2

m+rBn+r)—1)
so all of the odd-numbered terms will be zero. Taking n = 2m for the others, we see that

The first term is the indicial equation, and the second implies that a; = 0. Now a,, = —

a - _ A2m—2
T 2mAr)(32m ) — 1)
r =0 gives ag = ag, a __ %o a4 = — 2 _ o o (—=1)™ag
0TI oy 411 222051177 T 2mml 5 11 (6m — 1)
1 1 1™
The solution is yo(z) = 1 — —a? + —a* — ... + (=1) T4
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A2m—2

r = 1/3 gives ag = ap,a2m = _72m(6m+ 0’ so we can see that the general coefficient will be
_ (—1)ma0 . . .
A2m = Sl 7 13- (Gm 1)’ This solution is
1 1 (=™
— /311 = 24 - 4 moy
yi(e) =a [ 27t T 3t T T a3 emr )t

. Multiply through by z to get 22y” + (1 — x)xy’ — 2y = 0. We have zp(x) = 1 — 2 and 22¢(z) = —z, so
po = 1 and go = 0. The indicial equation is 72 4+ (1 — 1)r + 0 = 0, so r = 0,0 and we have a repeated
root.

o0 o0 o0

Let y = Z anx"*". Then y' = Z an(n+7r)z" " and y" = Z an(n+r)(n+r—1)z" "2 We get
n=0 n=0 n=0

(since r = 0)

22y + (x — 2y — xy

o0 o0 o0
— Z apn(n —1)z™ + Z apnz” — Z apnz™tt — Z anx™tt
n=2 n=1
oo o0
= Z apn(n — 1)z™ + Z apnz” Z ap—1(n— 1z Z Qp_1x"

o0

(a1 —ag)x Z nn—1)4an—ap_1(n—1) —ap_1]a"

=0.
Thusal:aoandforn227a": . ) _ﬂ:@,%:%:@,...,an:@.The
n 2 2 3 3! n!
2 .3
solutionisyl()_1+x+7+§+ =3
. We have xp(z) = —z — 3 and 2%¢(x) = o+ 3, so pgp = —3 and ¢y = 3. The indicial equation is

2+ (=3 —1)r+3=0,s0r =3 orr = 1. Since these differ by an integer, we will just find the root
corresponding to r = 3.

Let y = Z anz" 3. Then y' = Z an(n +3)2" 2 and y"’ = Z an(n +3)(n + 2)z" . The equation

n=0 n=0
becomes

2?y —x(x+3)y + (x +3)y

7Zann+3 Y(n + 2)z" T3 ZannJr?: nt4 Z3ann+3 ”+3+Za x”+4+23an

n=0
= Z an(n+ 3)(n+2)z" "3 — Z an_1(n +2)z"+3 — Z 3a,(n+3)2" "3 + Z an 12"+ Z 3a,z" "
n=0 n=1 n=0 n=1 n=0
= (6ag — 9ao + 3ap)x Z (n+3)(n+2) —3(n+3)+3a,) + an_1(—(n+2) + 1))z 3
N n=1
= lann(n +2) = ap_1(n+ D))"+
n=1
=0.
Lo (n+1)ap—1 ao 3aq 2a0 4ay 2a0
Th n—————~—. Th = O7 D — = —, = — = s =
15 Blves a n(n + 2) usao =a+0,a1 = 975,02 = 5 T 9003 T 3T T 5 g g0 04
5@3 2a0 6&4 2@0 2&0
= y A =
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2 1 4 2
The solution is 23 + §x4 + 1x5 + Bx6 + ...+ mm"+3 + ...
d dy d d?
11. T will let ¢ = 2 — 1. Then dgtJ = dz dat: = y; similarly, %g = y”.OOThe equation becomes t(t +
2)y" —2(t+ 1)y + ala+ 1)y = 0. Let y = Zant"*"“. Then y = Zan(n + )"t and ¢ =
n=0 n=0

Z an(n+7r)(n+r— "2 We get
n=0

—t(t+2)y" =2t + 1)y +a(a+1)y

=_ Zan(n +r)(n+r— 1"t —2 Zan(n +r)(n4r— 1)ttt - Z2an(n + )t

n=0 n=0 n=0
oo o0
- Z 20, (n +r)t" T 4 ala + 1) Z anpt"tr
n=0 n=0

o0 o0
==Y ana(ntr—Dn+r—=20t"7" =2 “ap(n+r)(n+r— DT =N " 2a, g (n4r— e
n=1 n=0 n=1

722ann+rt”+r Ly Z a+ a, "~ L
n=0

= (=2agr(r — 1) — 2aor)t"* ian 1(—n+r—Dn+r—-2)-2(n+r—-1)+ala+1))
+an(=2(n+r)n+r—-1)— 2( + 7))ttt
= —2a0(r?)t" ' + Z tn_1(—(n+7—1Dn+7)+ala+1) = 2a,(n+ 7))ttt

=0.

nn—1)—ala+1)

The indicial equation is 2 = 0, so the roots are both 0. Also, a,, = — 53 p_1.
ap = (—1)" alat D@ - ala+ 12)3('11'!')(2"(” —l-alat 1))a0, ... The solution is
() =14 04(204. ;1)]5 afat 1)2(22(2!)3(04 Dy,
+(=1)* alet D@ olat 12),3(',;!')(;(” —-olay 1))15” +...,
N n(z) =1+ %(x _qpy oMot 1)2(22(;)02‘(0‘ D) g
pypaet DR el D)= —ala+ 1) g
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