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11.

Solutions to Homework Assignment 28

MATH 256-01
Section 5.7, Page 278
Problems: 1-15 odd

. The only singular point is x = 0, and it is clearly regular. Multiply through by x to get the equation

in the right form: z%y” + z(22)y’ + (6ze*)y = 0. We see that xp(z) = 2z, so pg = 0, and z%q(x) =
3

ze® :x—&—xQ—&-x—'—i—...,so go = 0 as well. The indicial equation is %2+ (0 —1)r +0 = 0, or 72 —r = 0.

Therefore, the exponents at the singularity are r; = 1 and r5 = 0.

Both £ = 0 and x = 1 are singular points, and both are regular. For x = 0, multiply through by o
x

—1
622 622
to get 2%y +x - 1y’ + (3z)y = 0. We have xp(x) = f 1= —62%(1+ 2 +22+...), giving pg = 0,

and z%q(z) = Sx, so q(x) = 0. We again get 72 + (0 —1)r + 0 =0, so r; = 1 and ry = 0.

-1 3(r—1
For z = 1, multiply through by T to get (z — 1)%y” + (z — 1)(6z)y’ + %y = 0. We have
3 3(zx—1
(x — 1)p(z) = 62 = 6+ 6(x — 1), so pg = 6. Also, 2%q(x) = o= 1&)1)23(33—1)(1—(1‘—1)-1-
(x —1)* —...), s0 go = 0. The indicial equation is 72 + (6 — 1)r = 0, so 7; = 0 and ro = —5.

2sinx
22

The only singularity is = 0. Since x -

2
-2
:2<1—+...) is analytic andac2-—2 = —21is
x

2

analytic, x = 0 is a regular singular point. We have xp(z) = 3— 3% +...,50po =0, and 22q(z) = -2,
' 24 V12

0 go = —2. Thus the indicial equation is 7% + (3 — 1)r — 2 = 0, giving r; = % = —14++/3 and

Tro = -1 — \/g

3

1
The only singularity is = 0. We have zp(x) = B (1 +1+ ? +. ) , S0 pg = 1. (Remember, the

coefficient of y' is x(xp(z)).) Also, 22¢(z) = 1, so gy = 1. The indicial equation is r*> + (1 —1)r+1 =0,
so r = %i.

—(1
x = 0 and x = 1 are both singular points. However, since x- M is not analytic at x = 0, this is an
2?(1—=x
irregular singular point. It is not hard to check that = = 1 is a regular singular point. Multiply through
1-— 1 2(1 - 1
by ( Qx) to obtain (z — 1)%y” + (z — 1) - +2xy’ _X x)y = 0. We have (z — 1)p(x) = #
x x x x

1
lim1 —|—2x = 2, s0o pg = 2. (This is like evaluating the series for (z — 1)p(x) at x = 1, giving the
xTr— €T
2(1 —
constant term.) Also, z%¢(x) = —M, which is 0 at © = 1, so go = 0. The indicial equation is
T

P24 2 1)r+0=0,s0r =0andr,=—1.

—2
The singular points are x = £2, and both are regular. For x = 2, multiply through by _LJFQ to get
x

2¢ , 3(z—2)
T+ 2Y T+ 2( )
3(x—2
= —1. Al —2)? =—-——"

o po so, ( — 2)%q(a) = ~ 20—
24+ (-1-1)r+0=0,s0r; =2 and ro = 0.

—2
y = 0. We have (z — 2)p(z) = asz’ and this is —1 if x = 2,

, which is 0 at x = 2, so gop = 0. The indicial equation is

(x—2)%" — (z—2)

2 2 3 2
jmtoget (€ +2)%" + (2 +2) sy + = +2)

2—x 2—x
3(x +2)
22—z’

For z = —2, multiply through by Z y = 0. This time,

2
(4 2p(e) = 5= 50 po = 1 and (z +2)%(x) =

P (-1 = 1)rH0=0,50 71 = 2,75 = 0,

and gop = 0. The indicial equation is



13. Multiply through by z to get x2y” + xy —ay = 0. We have xp(z) = 1 and 2%¢(x) = —z, s0 pp = 1

15.

and go = 0. The indicial equatlon is 72 + (1 —1)r+0=0,so0r =0,0 and we have a repeated root.

For the first solution, let y(x Z an (Although r = 0, we will want a,, in terms of r later in
n=0 -

order to determine ys.) Then y'( Z an(n+r)2"™ 1 and 3" Z an(n+r)(n+r—1)z" 2.
n=0 n=0

Substituting gives us

' +y -y
:Zan(n+r)(n+r—1) T 1+Zann+r =l Zan
n=0 n=0
= Z(In+1(n+r+ 1)(n+r)z W+T+Zan+1 n+r+ 1Dzt Zan
n=— n=—1
= (a1 —ap)z" ! + Z[anﬂ(n +r+1)2 —ay)z" !
n=0
=0.
Th d an With r = 0 tyr@) = 1o+ —a? + ——ad +
us a; = ag and a, 41 = ——————. With 7 = 0, we ge =1l+x
1 0 +1 (n+r+1)2 get Yyl 22 (3172

The solution yo has the form ys(z) = y1(z) In(x) + Z al, (0)z™, so we need to differentiate each a,

with respect to 7.
an 2(10

a; = m, soa) = _(r R Evaluating at r = 0 gives a(0) = —2ao.

ax ag al 2 2
ag = 1 2? = CETIE IR Thus In(az) = In(ag)—2In(r+2)—21In(r+1), so Pt &
Therefore, a)(0) = az(0)(—1—2) = -

(T hope you remember logarithmic differentiation!)

as aop / 1 1 1
= = Thus = = -2 , and a5(0) =
R oy B (O (O A PR, <r+3+r—|—2+r—|—1> and a;(0)
11 11
~2a3(0) - § = g

We are only asked for the first three nonzero terms, and we now have them, but I think we could also
find the general term. We have

We know from Number 3 that r; = 1 and 7o = 0. These differ by an integer N = 1, so we will need to
do some work. Let us first find the solution corresponding to r; = 1.

oo

Let y(x Za 2™, Then y/( Zan n 4 7r)z" "1 and y” Zan(n+7“)(n+r — 1)zt 2,
n=0 n=0 =

We get



x(z — 1)y + 622y + 3y

= Z an(n+r)(n+r—1)z"" — Z an(n+7r)(n+r—1)z" 1 4 Z 6a,(n +r)z" " 43 Z anz"t"
n=0

n=0 n=0 n=0

oo o
= Z an_1(n+r—1)(n+r—2)z" 1 - Z an(n+r)(n+r—1)z"t 1

n=1 n=0
oo o
+ Z 6ap—o(n+r— 2)13”+T71 + Z 3ap_12" Tt
n=2 n=1

= ao(r)(r — Da" ' + (agr(r — 1) — ayr(r + 1) + 3ag)z" + Z[an,l((n +r—1)(n+r—2)+3)

n=2
—an(n+r)(n+r—1)+6a, 2(n+r—2)z" !
= 0.
2 —1 -2 _ —2)ay—
Wegeta1:ﬂa():%forr:landan: [(ntr=1)ntr=2)+3Jans+6n+r=2a 2
r(r+1) 2 (n+r)n+r—1)
2
1) - oS (p2 4 4 3) + 6r 2,9
Thus ay — ((r+1)-r43)a; + 6rag _ ( ) ay = 3re4+15r+9 ay = gao (with
(r+2)(r+1) (r+2)(r+1) 2(r+2)(r+1) 4
r=1) and
o — [(r+2)(r+1) + 3lag + 6(r + 1)a; %(r2+3r+5)+9(r+1)a _ 9(r2+7r+9)a _ 5w
s (r+3)(r+2) (r+3)(r+2) O 4 +3)(r+2) 0 16
have

3 9 51
yl(x):x+§x2+1m3+l—6m4+....

We finished this one in class.



