Solutions to Homework Assignment 31

MATH 256-01
Section 6.2, Page 307
Problems: 1-10, 11-23 odd, 25, 26

Note: “See number n” means find entry n in Table 6.2.1 on page 304.
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3
The 3 is just a multiplicative factor, so we have which is the transform of 3 sin(2t). (See

2 52422
Number 5.)
This is equal to 2 - W, which is the transform of 2¢2¢’. (See Number 11.)
5 —
-2/5 2/5 2 2
Partial fraction decomposition gives +/ 1 Ll’ which is the transform of *567“ + get. (See
s s —
Number 2.)
9/5 6/5 9 6
Partial fraction decomposition gives / 3 + %, which is the transform of 5e?’t + 56_2t. (See Number
s — S
2.)
25+ 2 1
This is st =2 st , which is the transform of 2e~* cos 2t. (See Number 10.
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and 10.) Here, I saw the denominator as (s — 1)? + 12, so I wanted to locate either a constant in the
numerator or a multiple of s — 1 so that I could use 9 and/or 10.

852—4s+12_é Bs+C

s(s2+4) s s2+4
and letting s = 0 gives A = 3. Multiplying through by s and letting s — oo gives 8 = 3 + B, so
-32-8i+12 100+ C

3
which is the transform of 2 cosh 2t — 3 sinh 2¢. (See Numbers 7 and 8.)

which is the transform of 2e’ cost + 3e’ sint. (See Numbers 9

We need a partial fraction decomposition: . Multiplying through by s

B = 5. Finally, multiplying through by s — 2¢ and letting s = 2¢ gives 3 1 This
— i

5 5 1 3 2
is 3 +1i= 5~ ZCi' Therefore, C = —4, so we get 5 + 552 j_ 57 ~ 232 o which is the transform of
3+ 5cos2t — 2sin2t. (See Numbers 1, 5, 6.)

.. 1—2s 1 s+ 2 . . J, TR _9t
This is Groz i =5 CESIEESE - Gr22+i2 which is the transform of 5e™=" sin t—2e~“* cos t.
(See Numbers 9 and 10.)

1 5 3 5
This is 2 G Jrsl—; T3 3G 1 which is the transform of 2e~* cos 3t — ge_t sin 3t. (See Number
9 and 10.)
Applying the Laplace transform (and letting Y (s) = £ {y}) to both sides gives

L{y" =y —6y} =0
[s°Y (s) = 5y(0) — ¢/ (0)] — [sY(5) — y(0)] = 6Y (s) = 0
(82 —5—6)Y(s)—s+1+1=0
(82 —5—6)Y(s)=5—2
s—2
(s—3)(s+2)
1/5  4/5
s5—3 s+2

Y(s) =




1 4
Thus, using Number 2, we see that the solution is 5€3t + —e 2,

5
13. We have

L{y" =2y +2y} =0
[s*Y (s) = sy(0) = ¢/'(0)] = 2[sY (s) — y(0)] +2Y (s) = 0
(s =254+2)Y(s) —0—14+0=0
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This is the transform of e’ sin¢ (using Number 9.)
15. We have
L{y" -2 -2y} =0
[s*Y (s) — sy(0) — /' (0)] — 2[sY (s) — y(0)] — 2¥ (s) = 0
(2 =25 —2)Y(s) =25 —0+4=0
2s —4
Y(s)= - =
(s) §2—2s5—2
_ 25 —4
(s — 1) = (v3)?
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(s =12 = (V3?2 V3(s— 12~ (V3)*

2
This is the transform of 2et cosh v/3t — ﬁet sinh v/3t. Use Numbers 7, 8, and 14.

17. We have

L {y(4) — 4y +6y" — 4y + y} =0
[s*Y (s) — s°y(0) — 5%/ (0) — sy (0) — ¥ (0
—4[s°Y (s) — s°y(0) — sy/(0) —
+6[s°Y (s) — sy(0) — /(0
—4[sY (s) —y(0)] + Y (s
(s —45% + 65> —4s +1)Y(s) — s> —14+4s—6=0
s2—4s+7
(s—1)*
(s—1)2 — 25 +6
(s=1)*
1 (s —1)+4
BRCE) P
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(5—1)27(3—1)3+3(s—1)4'

Y(s) =

2
This is the transform of tet — t2et + gt?’et. Use Number 11.



19. We have

L {y(4) - 4y} =0

[s*Y (s) = s%y(0) — 5%/ (0) — sy (0) — 4" (0)] = 4Y (5) = 0
(s* —4)Y(s) —s> +25 =0

s —2s
O
)= F 19
s
2427
This is the transform of cos v/2t. (Use Number 6.)
21. We have
LA{y" —2y + 2y} = L {cost}
s
2V (5) — s(0) — ¥/ (0)] ~ 205Y (5) ~ y(O)] + 2V (5) = 5>
2 954 2)Y(s)—s5+2= —
(s s+2)Y(s)—s+ o
2 9254 2)Y(s) = —— + 52
(s s+2)Y(s) 52+1+8
s s—2
Y =
(s) (s2+1)(52—25+2)+32—25+2
_As+B Cs+ D s—2

Tos2+41 82—2s—|—2+52—28+2'

Ignore the last two terms temporarily while we do a partial fraction decomposition. Multiplying

-2 1
through by s? + 1 and letting s = 4 gives T ! - = Ai+ B,so Ai+ B = ! . Therefore, A = 5 and
—2i

2
B = —% (since we require A, B,C, and D to be real). Multiplying through by s and letting s — oo

gives 0 = A+C,so C = f%. Finally, putting s = 1 on both sides gives % = %f%fé+D, so D= %
The right-hand side is now

1 s 2 1 1 —s+4 §—2

52+1 532+1 55 -251257 2542

1 s 2 1 1 45— 6

TEPT1 5241 5(s—1P+ 1

1 s 2 1 4 s—1 2 1

*552+17332+1+5(s—1)2+12*5(5—1)2+12'

1 2 4 2
This is the transform of £ cost — E sint + get cost — get sint.

23. We have



L{y"+2y +y} = L{4e7"}
[s*Y (s) — sy(0) — /' (0)] + 2[sY (s) — y(0)] + Y (s) =

s+1
(82 +2s+1)Y(s) =25 +1—4= 3—1—41
2543
YO =553 T ++1)2
2! 1 1
:2(8+1)3+28+1+(3+1)2'

This is the transform of 2t2e~* + 2¢~t + te?.

1
1 1
25. The Laplace transform of the right-hand side is/ te Stdt = —~ (te“ + 365t>
o s

1
— (1= (s+1)e™*). The right-hand side is
s

LY +y} = [sY(s) = sy(0) =/ (0)] + Y (s)
= (s> + 1)Y(s).

1—(s+1)e*
Thus, Y(S) = m

26. The Laplace transform of the right-hand side is

1 o'}
1 1
—st —st _ —s —st|oo
/Ote dt—l—/l e dt—?(l—(s+1)e )—;e 19
— S (s+De) = =(0— )
_52 S & s (&
1 —S8

Thus, we get

LAY+ = (- )
(52 () — 5y(0) o (O] +4¥ (5) = (1 — ™)

(2 +4)Y(s) = s%(l —e” %)

1—e%



