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MATH 256-01
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Problems: 1-13

. The general solution is y = ¢j cosx + co sinz. Since y(0) = 0, we require ¢; = 0. Since y'(7) = 1, we
require ca(—1) =1, so ¢ = —1. We therefore have the unique solution y(z) = —sinx.

. The general solution is y = ¢; cos V2 +co sin V2. iy = —v/2¢; sin v/22+1/2¢; cos v/2z. Since ¢/ (0) = 1,
1
we require v/2c; = 1; thus, ¢c; = —=. Since y/(7) = 0, we require —v/2¢; sin /27 + cos /21 = 0;

V2
1 1 1
therefore, ¢; = —= cos v/2m. The general solution is y(z) = —= cot V27 cos V2z + —= sin v/2z.
. The general solution is y(z) = ¢; cosx + ¢o sinz. Since y(0) = 0, we have ¢; = 0. Since y(L) = 0, we
have ¢ sin L = 0. This has no nontrivial solution if L # nr for some integer n, and it has the nontrivial
solution ¢y sinx if L = nz for some integer .

. This has the same general solution as Number 3. Since y'(0) =1, ca = 1. Thus y(x) = ¢; cosz + sinx.
y(L) =cycosL +sin L =0, so ¢; = —tan L unless cos L = 0. If cos L = 0, then sin L # 0, so there is
no solution. In the first case, the solution is y(z) = — tan L cos x + sin x.

. We have (D2 + 1)D2y = 0, which has general solution ¢j + cox 4 ¢3 cos x + ¢4 sin z. The sine and cosine
are solutions of the corresponding homogeneous equation, so we just have y,(x) = ¢1 + cox. This gives
y;’ =0, so 0+ ¢ + cox = x. Therefore, ¢y =0 and ¢y = .

We have y(z) =  + c3 cosx + ¢y sin z. Since y(0) = 0, this means ¢z = 0. The condition y(7) = 0 then
implies that m = 0, so there is no solution. (But we got a nice review!)

. We have (D2 + 2)D2y = 0, so the solution has the form ¢y + cox + c3 cosz + ¢4 sinz. The solutions of
the corresponding homogeneous equation are sin v/2z and cos v/2z, so Yp = €1 + cax and y;)’ =0. We

1
get 2(c1 + cox) = x, 50 ¢; = 0 and ¢ = 1/2. Now y(z) = 5% + ¢3 €08 V2 + ¢4 5in V22,

1

y(0) = 0,80 c3 =0. y(m) =0 = ng casin(v/2r). Thus ¢4 = — . Therefore, y(z) = 2%~

™
— sin(V2x).

2sin /27 ( )

. We have (D? + 4)(D? + 1)y = 0, giving a solution of the form ¢ cos 2z + co sin 2z + A cosz + Bsina.
The cos 2z and sin 2z terms solve the corresponding homogeneous equation, so y, = Acosz + Bsinz
and y,) = —Acosz — Bsinz. Therefore,

T
2sinv271
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cosx = y;’ + 4y, = 3Acosz + 3Bsinx. This gives A = 3 and B =0, so y(z) = gcosx—i—cl cos 2z +

Co sin 2x.
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Now y(0) = 0, so 3 +c¢1=0,and ¢; = —3 y(m) = 0, as well, so —3 +c¢1=0,and ¢; = 3 Uh-oh!

This has no solution.

. We may reuse most of our work from the last problem; the only difference is that A =0 and B = 3

1
Thus y(z) = 3 sinx + ¢ cos 2z + ¢ sin 2x. Now y(0) = ¢1 = 0, so ¢; = 0. Also, y(w) = 0, which adds

1
no new conditions. Thus y(z) = 3 sinz + cg sin 2z. Note that there are infinitely many solutions.

1
. We may reuse our work from Number 7:y(z) = 3 cosT + ¢1 cos 2z + co sin 2.

Since y'(0) = 0, we have ¢y = 0. Since y'(7) = 0, we have again that co = 0. Therefore, the solution is

—~

cos T + ¢ cos 2x, and again there are infinitely many solutions.

Wl =

y(z) =



10.

11.

12.

13.

We may again borrow from earlier work; we just replace the 2’s in the prior problems with v/3’s and
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the 3 with a 3 y(z) = 5 cosz + ¢ cosV3x + ¢y 8in V3.

Now ¢/(0) = 0 implies that c; = 0. 3/(7) = 0 implies that —c;v/3sin /37 = 0, so ¢; = 0 as well. Thus

ylx) = 5 Cos T

Assume first that A > 0. The general solution is y(z) = ¢; cos V Az + ¢ sin v Az. With y(0) = 0, we
have ¢; = 0. With /(7) = 0, we have v/A¢z cos(v/Ar) = 0. In order to get a nontrivial solution, we need
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to have vV Ar = M for some integer n. Thus, the eigenvalues are %

2n+1
T

for n a nonnegative

integer. The corresponding eigenfunctions are y,(z) = co sin

If A =0, we have 4" = 0, so y = ¢1 + coz. This cannot satisfy the boundary conditions, so A = 0 is not
an eigenvalue.

If A < 0, we have y(z) = c1e¥® 4 ¢3¢~ V2. It is not hard to see that the only solution of this form is
the trivial solution.

For A > 0, the general solution is y(x) = ¢; cos VAz + ¢z sin v Az, With ¢/(0) = 0, we have c; = 0. With

2 1
y(m) = 0, we have ¢; cos vV Ar = 0. To get a nontrivial solution, we must have vAr = M for
2
: . (2n+ 1) o :
some integer n. Thus, the eigenvalues are ———— for n a nonnegative integer. The corresponding
. . 2n+1
eigenfunctions are y,(x) = ¢; cos x.

2
Again, there are no negative eigenvalues and zero is not an eigenvalue.

For A > 0, the general solution is y(z) = ¢1 cos vV Az + ¢ sin v Az. With 3/(0) = 0, we have ¢ = 0. With
y'(7) = 0, we have —c;v/Asin v Ar = 0. To get a nontrivial solution, we must have v Ar = n for some
integer n. Thus, the eigenvalues are n? for n a positive integer. The corresponding eigenfunctions are
yn(x) = €1 cosnz.

If A =0, then y(z) = ¢1 + caz, so ¥'(0) = 0 implies that c; = 0. Now y(z) = ¢; will also satisfy
y'(m) =0, so y(x) = ¢ is an eigenfunction for the eigenvalue 0.



