Test for Divergence

o0
If lim a, # 0, or the limit doesn’t exist, then the series Z a, DIVERGES.
n—oQ

n=1

WARNING! If nlggo an = 0, the test for divergence tells you NOTHING!

The Integral Test
If f(z) is continuous, positive, and decreasing on [1,00), and a, = f(n), then

00 o
(i) if / f(x)dz is convergent, then Z ay, is also convergent.
1

n=1
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(ii) if / f(z)dz is divergent, then Z Gy, is also divergent.
1

n=1

WARNING! If / f(z)dz converges to a number, say for example 7,
1
this tells us NOTHING about what the series Zan converges to.

Comparison Test

Suppose > a, and 3 b, are series with POSITIVE terms.

(i) If 3 by, is convergent and a, < by, for all n, then > a, is also convergent.
(ii) If Y ap, is divergent and a,, < by, for all n, then )" b, is also divergent.

WARNING! If 3" b, is divergent and a,, < b, this tells you nothing about > a,,.

Similarly, if " a,, is convergent and a,, < b,, this tells you nothing about }_ b,,.

Limit Comparison Test
Suppose " a, and Y b, are series with POSITIVE terms.

If lim 2% — ¢
n—oo by,

where c is a finite number and ¢ > 0, then either both series converge or they both diverge.

WARNING! Tf lim Z—" = 0 the Limit Comparison test tells you NOTHING.

n

Alternating Series Test

If the alternating series
o

Z(—l)nbn:bl—b2+b3—b4+... b, >0
n=1
satisfies: (i) bp41 < by, for all n, and (ii) Jim_ b, =0,

then the alternating series converges.

Alternating Series Estimation Theorem

If 3721 (—1)"by, satisfies the alternating series test, then the sum s = Y 02 ;(—1)"b,
is approximately equal to the partial sum s; = Efl:l(—l)”bn,

and the error in this approximation is less than or equal to by .




Ratio Test Root Test

@] Root Test
()Ifn_mo |a\ =L <1, (1)Ifnlggo"|an|:L<1,
then the series is absolutely convergent, then the series is absolutely convergent,
and hence convergent. and hence convergent.
mﬂfgnumﬁ_L>1 (i) If lim {/]an| =L > 1,

n—oo |a .. .

then the series is divergent. then the series is divergent.

VARNING!! If the limits in the Ratio or Root test come out to be 1, this tells you NOTHING.

Important Examples

a) Geometric Series:

o0
atar+ar?+ardfart+... = Za(r)”’1
n=1
This geometric series converges if |r| < 1, and diverges if |r| > 1.
If |7| < 1, then the sum of the series is 3902 ar" ! = 2.
b) p-series:
1 1 1
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The p-series converges if p > 1, and diverges if p < 1.
This can be shown using the mtegral test.

c¢) Harmonic series
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This is a p-series for p = 1 and it is divergent by the integral test.

d) Alternating Harmonic series:
1 1 1 2, (—1)n

lm oot =S L

The alternating Harmonic series converges by the Alternating series test.

It is an example of a series which is convergent, but not absolutely convergent,

i.e. the alternating harmonic series is conditionally convergent.
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