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Chapter 1

Fundamental Principles of Statistical
Physics

1.1 Review of Topics in Classical Mechanics

1.1.1 Hamilton’s Equations and Phase Space

Axiom: The state of a system with n degrees of freedom is completely determined by n
coordinates ¢;(t) and n velocities ¢;(t) (fori=1,...,n)

Lagrangian: The Lagrangian can be written as

L(q,q,1)

where

i) =" and () = (@(0).02(0) . (0)

Momenta: Similarly, the momenta p;(¢) can be expressed as:

_ 0L(g,4,1)

pill) 04¢;

Definition 1: The Hamiltonian or Legendre Transformation of L is given by the function:

H(q,p,t) : =Y pidi — £(q,4,1)
=1

Definition 2: The space of 2n-tuplets (¢,p) = (¢1,92,--.,4n,P1,D2,...,Ppn) is called the
phase space of the system, and is denoted by I' = {(q,p)}.

7
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Theorem: For every path ¢(t) in R”, there is one and only one path ¢(¢),p(t) in I'. The
path in I" in determined by Hamilton’s Equations or the Canonical Equations.

_ 0H(g,p, 1)
Op;

. 0H(q,p,1)

i(t) = -5

pi(t) o,

which are equivalent to the Euler-Lagrange equations:

doc _oc
dt 8(]Z N 8qi

Proof: See Phys 505

Remark 1: The Euler-Lagrange equations give n 2nd order ODEs, which is equivalent to
the 2n 1st order ODEs given by Hamilton’s equations.

Remark 2: Given an initial point (qg, po) €' with gy = ¢(t = 0), po = p(t = 0) then this
uniquely determines the path ¢(t),p(¢). Thus paths in phase space can not cross.

p
Ca

Ci

The above is NOT physically possible since t = 0 could be chosen to be at the
intersection, which would give two different paths with identical initial points.

Remark 3: Using chain rule:

n

d OH OH . OH
H(a.p.t) ;1 ap it ;1 ag, T
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Using Hamilton’s equations,

Sy
—i:1 qiPi — Diq; ot
_on
ot

So if the Hamiltonian has no explicit time dependence, then

d

—H =0

11 (ap)

which is a 1st integral (conservation law). Thus, as H (qo(t),po(t)) = E which is
constant, energy is conserved or autonomous in the problem.

Example: Let’s look at a 1-d Harmonic Oscillator

oL

n=1, L= 1tmg* — Lkq?, =p=-— =
2 2 aq

mq

H:p(j—ﬁzmq2—%mq2+%kq2
= %mq’2 + %qu
P2

1
= H(q,p) = Y + 5’“12

The phase space orbit in then

P2 1, 9
E=H(qp) = o + ikq
p? ¢

—1
~ omE T 2E/k

The canonical equations are:

._8H_£
= op m
OH
=——=—k
p dq q
. k 9
={=—-—q=-wyq
m

— . /k
where w = 4/ .- as per normal.
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V2mE

/

/\ |
VIETE

Figure 1.1: Phase space diagram of a simple harmonic oscillator with energy E.

1.1.2 Phase Flow
Let

(q(t),p(t)) ==2(t) €T
= (q1(t), g2(t), - -, qn(t), p1(t), P2(2), - - -, P (?))

Definition 1: The set of mapping U : I' — T,
U(t,to)z(to) = z(t)

is called phase flow or time-evolution.

Proposition: The time evolution operator, or propagator, U(t, o), has the properties:
LUt =1 Vit

2. U(t,t1)U(t1,t0) = U(t, to) Vt,to,t1
3. ULt tg) = Ulto,t) Vit tg
Proofs:
1.
U(t,t)z(t) = 2(t) Vz(t) €T

S U ) =1
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2.
U(t,tl)U(tl,to)Z(to) = U(t,tl)z(tl) = Z(t)
= U(t,t0)z(to)
U(t,tl)U(tl,to) = U(t,to)
3.

S U (o, t) = Ult, to)

Remark 1: Knowledge of the phase flow is equivalent to knowledge of the solution of the
canonical equations.

1.1.3 Liouville’s Theorem

Theorem: Let
dl’ = const - dgi1dgs - - - dgpdprdps - - - dpy,

be the element of volume in phase space. Then
dl’ = constant

In other words, phase flow is volume preserving.

Proof:

Qotrs Deir = 451’

qt, Pt = 4,P

q

Let ¢,p = q:, p: represent q,p at time ¢, and ¢’,p’ = g4+r, Pt represent values of
q,p at time ¢t + 7. Then we want to show that

/dQ1dQQ"’dQndpldp2"'dpn = /d(J'ldlzmdQLdpidp'z-“dp%
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But
/ﬁ%~d%®3~®%=/JMr~@Mm~dm

where

8((117 s 7Q;zvp,1’ s 7p41)

8(qla ey qn,P1y .- 7pn)
9 .. OYu dq . Oq
8‘11 8Qn 8pn 8]771

J =

gy
— | 9q
op
o

O ... ... ... ... 9m
op1 Opn

where J is the Jacobian and is the determinant of the above matrix. Proving Li-
ouville’s Theorem then boils down to showing that J=1. This can be shown using
results from Advanced Dynamics:

1. The change in p, ¢ during motion may be regarded as a canonical trans-
formation.

2. Volume in a phase space is invariant under canonical transformations
(i.e. J =1 for canonical transformations).

1.1.4 Poincare’s Theorem

Theorem: For full mathematical representation and proof, see “Statistical Mechanics” by
Huang. A system having a finite energy and confined to a finite volume will, after
a sufficiently long time, return to an arbitrarily small neighborhood about almost
any given initial state.

Remark 1: Thus, V returns to U after a finite number of steps. This is called the
Recurrence Theorem.

Remark 2: Recurrence occurs arbitrarily often and arbitrarily accurately (since U is
arbitrary).

Corollary: Let’s consider a conservative mechanical system at some initial time to be
in a state given by a point in phase space, zyp € I'. Then the system will come
arbitrarily close to zp again in finite time.
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Figure 1.2: Graphical representation of Poincare’s Theorem. The outer shape is some bounded
region in R? (for example), Vj is the initial state of the system, U is a neighborhood around Vj,
and the lines mark the path of the system through time.

Example: Gas in a partitioned container

At to we

’ t1 >1 to >1
break the 1 0 2 1
partition

So, according to Poincare, at finite to, all the gas will go back into the single side
of the container!
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Problem: This is NOT what we observe!
Solution:
1. The “finite” time is ridiculously long for large systems.

2. Anything else? Yes! According to Boltzmann, this state would rep-
resent a “fluctuation from equilibrium and is thus still consistent with
statistical description.

1.1.5 Necessity of a Statistical Description of Many Particle Systems

Example 1: Here we’ll look at a free particle in 1 dimension (which is thus not bounded).

p(t) = po
q(t) = qo + <%) t

q0

t to t1 > to ty >t q

By Liouville’s theorem, the volume in phase space in conserved. But it never
returns to its initial state since the region is not bounded (and thus Poincare does
not hold).

Example 2: Now we’ll look at a particle in a 1 dimensional potential well (so the system
is now bounded).

p(t) = +po
q(t) =qo + (@> t + inverted motion
m

As seen in the following figure, notice that p is not continuous, and thus the region
becomes disconnected. Thus we should modify the theory to allow for disconnected
volumes. Also note that, as ¢ — oo, the disconnected parts become thinner and
thinner, which leads to spaghetti structure.



1.1. REVIEW OF TOPICS IN CLASSICAL MECHANICS 15

Po

to 'L

—Po

t

Figure 1.3: Spacial and phase space plots for a particle trapped in a potential well.

Example 3: For the final example, we’ll look at a particle scattered by a hard sphere in
3 dimensions.

Agy

We know that

sina = 9, Ag=Aq,  Agy>Ag=Ab
g

So the ¢ contribution to phase space volume increases due to scattering. This means
that, in order to keep the phase space volume invariant, the moment contribution
must decrease. Let

Ab o ACJ2

akl = Aa=—
o o
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and let the mean-free path [ be
[>o0.
Therefore, the new spacial volume after 1 collision would be:

V'=Ad)-1-2Aa  (in 2D)

A
= Ag, 2028
g

21
—yv.=
g

where V' = the initial volume = Ag;Ags. In d-dimensions then:

Ve v ()
g

Now Louiville’s theorem tells us that the momentum-space contribution to the

) (d—1)N

phase space volume must decrease by a factor of (2% after IV collisions.

Problem - “The Butterfly Effect”: After N collisions, a simple volume in phase space
has been transformed into spaghetti in momentum space with typical dimensions
given by

Apn ( o > (d—1)N

pNN27

Example: Consider a classical gas of hard spheres of radius ¢ and number density n.
I ~ (no?)™1

o . . .
= T no® =n* < dimensionless density

~ 1073 for typical gas
For 3 dimensions and 3 collisions (D = 3, N = 3):

A
2PN (103)23 = 10718
PN

So we would have to keep this accuracy to track the particles accurately. Thus, after
a few collisions, a ridiculous level of accuracy is needed to maintain the spaghetti
structure.

Remark 1: Consider a real experiment, where we will be looking at the effect of gravita-
tional attraction between an external butterfly and our system.

F_GM _ o

m r2 r2
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The momentum uncertainty due to F' is:
Ap=Frt

where 7 is the mean free time between particles.

T=-
v

Ap (FT) <F> T
-2 (5)-(5)0)
D muv m /) \v
For a classical gas: v =10% m/s, 7 ~ 1079 s.

20 M
712

= — ~ 10"

o [f the butterfly is m = 1 gram and r = 100 m.

Ap ~ 107227 = 1029

p
We know spaghetti structure is destroyed after
Apyn ( o ) (d—1)N
DN 21

Setting % = A};’% and solving for N yields:

N =5

Thus, after only 5 collisions, the butterfly outside will affect the spaghetti
structure of the system inside.

e If instead the butterfly (still m = 1 gram) is on the star Sirius (r = 8.5
light-years or 8 x 10*® m):

Ap — 1072235 — 1957
p

= N =9 collisions (which takes about 100us

So again, we are screwed up even by butterflies on Sirius! Now, in order
for the “picture” to reappear in the recurrence relation, the spaghetti
structure must be conserved. Thus, uncontrollable forces in the micro-
scopic world destroy spaghetti structure.

Remark 2: If, instead, we were to consider a computer experiment, we would be free
of outside effects, but would instead introduce uncontrollable perturbations in the
form of rounding errors.

Conclusions:
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1. Microscopically deterministic descriptions of N-particle systems over
macroscopic times (with time reversibility, Poincare’s theorem, etc) are
impossible due to uncontrollable weak forces.

2. In experience, time average of macroscopic quantities are independent
of the instabilities in phase-space structure.

3. We must develop a statistical, rather than deterministic, description of
many particle systems.

Remark 3: According to Boltzmann, the recurrence of states are fluctuations, which are
certain to occur if you wait long enough. Thus, recurrence relations are completely
consistent with a statistical viewpoint.

1.2 Statistical Methods

1.2.1 Probability

Definition 1: Consider a set S # () which is the set of all possible outcomes of an experi-
ment. This is called the sample set.

Definition 2: Let E be any subset of S. FE is called an event and satisfies:
1. EC SVE
2. VE,Ey C S, (E1 UEQ) CcS A (El ﬁEg) cS
“For events 7 and Es that are both possible, then Ej or Es must also
be possible, as well as F; and E3 being possible.”

S S

3. ECS, S/JECS
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Definition 3: Each event is assigned a statistical weight or probability P(E) so that:
1. 0< P(E) <1VE

2. P(El U EQ) = P(El) + P(Eg) — P(El N EQ)
3. P(S)=1, P()=0

Example: We will consider rolling a fair die:

S =1{1,2,3,4,5,6}

E=1,
Any E C Sis an event{ E = {1, 3,5},
ete

(number of elements in F)
6

P(E) =

Proposition: The probability of mutually exclusive events equals the sum of the individual
probabilities.
Proof: If you have mutually exclusive events, then E1 N Ey = (). Thus

P(El UEQ) = P(El) +P(E2) — P(El N Eg)
0
= P(El) —FP(Eg)

Definition 4: Let E; and E5 be events. The joint probability of F; and FE5 is defined as

P(EI,EQ) = P(El N EQ)

Definition 5: If £ and F» are statistically independent, then

P(E1, Er) = P(E1)P(E2)

Example: Probability of getting either a 1 or a 6 in rolling 1 die once? The events are
mutually exclusive, so

R
==

P(1U6) = P(1) + P(6) = .

=

Example: Probability of getting a 1 and a 6 when rolling 2 die once?

rsran-()0)+ () 6) -
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Also

(6,1),(6,2),...,(6,6)}
All possible events are equally likely. Odds are 2 out of 36 possible

2 1
36 18

Remark 1: It is non-trivial to determine whether events are statistically independent!
Definition 6: A probability distribution is the set of probabilities P; so that
Sr=
i

A quantity given by a probability distribution is called a random variable.

1.2.2 Binomial Distribution

Theorem: Let there be S independent attempts, and let the probability of a certain event
in each attempt be p. The probability of an event occurring n times is:

i) = () o= 8

Proof: The number of ways to partition n events and (S — n) non-events (out of S
total attempts) is
S
(o)

iy = ()09

n

where

And so

where p* is the probability of realizing a particular partition. The probability for
an event is p; thus the probability for a non-event is (1 — p). Thus

*

pr=p"(1-p)"
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Remark 1: py is called the binomial distribution.

Remark 2:

;;pb(”’ §) = i (i)pn(l —p)°"

n=0

Recall from the binomial theorem that

(z+y)" = Zn: <Z> byt

k=0

Thus

S
> pp(n,S) = (p+1-p)°
n=0

Remark 3: Looking at an equivalent type problem, consider sites or boxes occupied with
either 0 or 1 indistiguisable objects. Picking S sites, what is the probability of

finding n objects on the S sites, where on average n = m?

s = () (5) 0 5)"

Sl m™(S —m) "
n!(S —n)! Ss

1.2.3 Poisson Distribution

Proposition: A continuum of positions can be occupied by indistinguishable objects. Let
the average number of objects in any sub-region by m. Then the probability of
finding n objects in that sub-region is:

1

pp(n;m) = —me

This is the Poisson Distribution.
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Example: Consider a Geiger counter subject to constant radio activity. The probability of
n clicks/sec if, on average, there are m clicks/sec, is given by a Poisson distribution.
(Let the number of boxes go to infinity while keeping the density constant.)

Lemma - Stirlings Formula: For n >> 1,
n! = 2mnn"e™ [1+0(2)]
This can also be written:
Inn! =nlnn—n+ §In(2mn) + O()

Proof: See Reif Appendix A6

Proof of Proposition: By §1.2.2.R3,

Sl m™(S —m)S "
n!(S —n)! SS

py(n, S;m) =

Let S — oo while keeping n, m fixed. Then

pp = pp(n, S — oo;m)

Consider
nlpy| Sl (S —m)S™
ln[m”} _slgIgoln[(S—n)! Ss

:Sh_>m IS —In(S—n)!+(S—n)In(S —m)—SnS]
= lim [SInS— S+ IIn(27S) +O(%) — (S —n)In(S —n)

8500
+3In(27(S —n)) + O(g + (S —n)In(S —m) — SIn S
= lim [$In(27) 4+ $In(S) — SIS — Sln(l — %) +nlnS +nin(l — 2)

S—00
—n—$mn@2r)— 1S —1in(1- %)+ SIS+ Shn(l — %)
—nlnS—nln(l—— —i—(’) )]
— 1 o 1
—gggo[n n—m+0(3)]
=—-m
_ 1 n_—m
:>pp—ﬁm &

1.2.4 Averages and Fluctuations

Let p(n) be a probability distribution for some event to occur n times. Let f(n) be some
function of n.
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Definition 1:

(f(n), =D fn)p(n)
is called the average or mean of f(n).
Remark 1: (f(n)) is independent of n.
Remark 2: Averages are defined with respect to a particular distribution.
Remark 3: Choose f(n) =n":
) = 3 np(n)
This is called the m*” moment of the distribution of p(n).

Remark 4: The zeroth moment is

(n) =(1) = Zp(n) =1 by normalization

Example: The first moment of p,(n;m):

o0
_ L on,—m
(n),, = E n_ym'e
n=0
oo
=Y e
= e
(n—1)!
n=1
oo
— i' n+1mfm
n!
n=0
—m - 1 n
= me Z —m
n!
n=0
—_——
em
=m

which agrees with the definition of the Poisson distribution! Yay!

Definition 2:
e ((An)*) = ((n—(n))?) is called the mean squared deviation, the variance,
P 1% — ;
or the 2nd moment abouth the mean of the distribution.
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e (An) := <(An)2>1/2 is called the root mean squared (RMS) deviation or the
standard deviation. Common notation has ¢ = An and it gives us a measure

of the width of the distribution.

° % is called the relative fluctuation.

Example: The 2nd moment of p,(n;m) is:

= m? +m
/ /
an= (=) " = (%) = m?)
= (m?+m —m?)
_ L2

Remark 5: For large numbers of events, the size of the expected deviations from the
mean, measured in units from the mean, goes to 0. In other words, the distribution
becomes sharply peaked. This is known as the Law of Large Numbers.

1.2.5 Continuous Distributions

Definition 1: Let x be a continuous random variable, and let p(x) be the probability
density that the variable has the value x. Then p(z) dz is the probability that the
value will lie in the interval between = and z + dz. Let [ p(z)dx = 1. Then p(x)
is the (continuous) probability distribution function.

Definition 2: Moments, etc are defined by generalizations of §1.2.4.
(") = /x”p(x) dx nth moment

o=Az:= (<x2> — <a:)2> i RMS Deviation

Example: A factory produces resistors with a nominal resisitivity of R. Actual resistivities
will be distributed according to some distribution function p(R).
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Remark 1: We can always return to discrete values of the random variable by considering
d-function distributions.

Example: Suppose x can take on only integer values between 1 and N with equal proba-
bility.

| X
= p(x) = NZcS(:U—n)
n=1

is a continuous distribution function describing the above situation.

/p(x) de =1

N
/xp(m)dx— Jb;/xd(:r—n)dx
L

=%(%N(N+1))

=1(N+1)

1.2.6 The Gaussian Distribution and the Central Limit Theorem

Definition 1: Let  be a random variable with distribution

1 227952
6z/2<7

pa(r) = W

Then pg(x) is called a Gaussian or normal distribution.

Remark 1: (x) = 0. This can be trivially generalized by making the following substitution

r—z— ()
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Remark 2: o is the standard deviation of pg:

<w2> = 1 /$2€_x2/202 dz

oV 2T

Scaling z — 20z

1
= \/2720'2\[20'/1’26332 dz
oV 2T
—_—
3VF

Lemma: The moments of the Gaussian distribution are:

() 0 if n = even
€)= nlo” : _
2”/27(%)! lf n — Odd
Proof:
<x2"+1> =0 by symmetry

1 o0
<x2"> = / g2e=/20% 0 g V2o
— 00

oV 1w

2n+1 00
— # (\@o) " 2/ 22e= " dg
0

oV 2T

o0 2
/ e da
0

Now, looking at
recall that

Letting ¢ = 22, we see that

o0 9 o0
:>/ e da::/ %t"fleftdt
0 0
00 1
:/ teTleTt gy
0

0 (n+3)

= () = (vV2o) ™ 240 (n+ 4)
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Since I'(2)I'(z + %) _ \/27721;(_212)

_ (203" V/AT(2n)
Vo D)2

2"g?" (2n — 1)!

T 22 1(p — 1)
—9 g nO_Qn(2n)‘ n
4 2n n!
o?"(2n)!
- 2np)

Definition 2: The characteristic function f(z) of a distribution p(zx) is defined as:

F(k) = <67ikx>p _ /eik:pp(x) da

(ie. the fourier transform of p(x))

Lemma: For a gaussian distribution

F) = )= [ et i

(since the fourier transform of a gaussian is a gaussian).
Proof:

n=0
B 2./ (—ikz)?"
- ;w >p

o0 nk,2

n=0

o0 nan 2n)1g2n
- Z n)! 27)%!

_Zw“)

_ e_k2 2/2
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2

1 —o? (5 2 2 22
:%/exp[2 <k_0'2kl'_04+04>:| dk
1 29,2 o? iz \?
2
— o~ 7°/20? % dk
e /exp < 5 5

:e—kQ/%z;ﬂ e dk
T o

1 le_k2/202
V2ro

= p(k)c

1 . 0 dk
?f(k)ezkx dk = /ekQUQ/QelkI
T

dk

Theorem: Central Limit Theorem: Let x; (i = 1,...,N) be N independent random
variables with (z;) = 0 Vi and (2?) < oo Vi. Also let y = 4 >°, 2; be the
arithmetic mean (ie. the average with respect to a flat distribution) of x;. Then,

for N — oo, y is gaussian distributed with a standard deviation of o ~

N

1 276 2
et /20

p(y)ZUm

with

Remark 3: According to the law of large numbers, for large numbers of events the distri-
bution is sharply peaked about its mean. And the CLT (Central Limit Theorem)
tells us that the distribution in that limit is gaussian.

Remark 4: This holds irrespective of what the distribution of z is, so long as <mf> < 00.

Remark 5: Generalizing to (z;) # 0:

with
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Simple Proof of Theorem:

(o) =

where
Ai(p) =In <e_ipk">

Now, for N — oo, we expand:

kY ik (kY

=In [1—;<§>2<xi)2+-~

_kQ 2 1

—iky al k2 2 1
= <e >:exp —;W@i) [140(3)]
_ e—k202/2

where
2 1 2
o’ = 3z 2 (=)
i=1

By the Lemma then, p(y) is gaussian where:

oV2r . 1
p(y) = pysre with o = N2 Z (a7
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Finally, let

Then

Example: By §2.2, we have a binomial situation of S total events with:

1 with probability p
n; =
0  with probability (1 — p)

= p(ni) = pd(ni —1) + (1 = p)d(ni)

Consider
S
n = E n;
i=1

so that n obeys a binomial distribution. Then

where
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Changing variables:

Let 6 = v/So:

And we see that n is indeed gaussian distributed.

1.3 Review of Thermodynamics

1.3.1 Statistical Description of Large Systems

Problem: From §1.1.5, we saw that for macroscopic systems (~ 10?3 particles), we can
not solve deterministically by solving the equations of motion, even if this were
desirable.

Solution: Distinguish between a system’s microstate, which is classically given by a point
~v € T' (Quantum mechanically, this is a stationary state given by a many body
wavefunction W(xy,z2,...,2023)) and its macrostate, which is specified by values
of certain macroscopic parameters (ie. energy, temperature, pressure, etc.).

Definition 1:
e For a given energy E, the number of microstates whose energy is < E is denoted
by Q(E) and is called the integrated density of states or the total number of states.

e The density of states is

dQ(E)
dE

which is the number of microstates per energy interval at a given point in

w(E):=

energy space.
= QF)=w(E)dE

where Q(F) depends on the size of dF, but w(F) is independent of the incre-
ment size.
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e For a system whose energy is constrained to the interval [E — AFE, E], the
number of microstates with energies in the interval are denoted by Qagr(E),
and is called the number of accessible states.

Figure 1.4: Example with Classic Harmonic Oscillator

Remark 1: For macroscopic systems, any reasonable choice of AE has Q(F) =~ Qap(F)

to tremendous accuracy. Thus it is often unnecessary to distinguish between Q(FE)
and QA E(E)

Remark 2: For large systems (NN particles, N > 1), Q(E) increases exponentially with
N, and for fixed % = const, then Q(F) and w(FE) are rapidly growing functions of
energy.

Remark 3: The goal of a statistical description is to determine probability distributions for
the values of an observable system that is characterized by certain macroscopically
defined conditions.

p(p)

Y
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1.3.2 The Equilibrium State

Definition 1: A system is isolated if it can not exchange energy with its surroundings
(except for infinitesimal perturbations due to the butterfly effect).

Remark 1: A completely isolated system would, in general, behave very differently from
the realistic “isolated” system above.

Definition 2: A system is in equilibrium if the probability of finding the system in a
particular microstate does not change with time.

Remark 2: In equilibrium, all probability distributions are time independent, and thus
all average values of observables are time independent as well. However, the actual
values still can fluctuate (equilibrium is not a static state).

Postulate of Equal a priori Probabilities: An isolated system in equilibrium is equally
likely to be found in any of its accessible states.

Postulate - An Approach to Equilibrium: An isolated system that is not in equilib-
rium will approach equilibrium if left undisturbed for a sufficiently long time.

Remark 3: The above postulate would be false for truly isolated systems.
1.3.3 Interacting Systems

Two systems that are in contact with one another but isolated from the rest of the world
can exchange energy in the form of heat (@) and/or work (W). Thus the energy of each
subsystem is not fixed.

insulation

Definition 1: The average energy of a system that is a subsystem of a larger isolated
system is called its internal energy, and is denoted by U = (F).
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Remark 1: If a system absorbs heat () and does work W, then its internal energy changes
AU = @Q — W. (1st law of thermo)

Remark 2: If the change is infinitesimal, then
dU = 6Q — oW

where dU is an exact differential while Q) and §W are not.

Remark 3: AU depends only on the systems initial and final states, while Q and W also
depend on the process that takes the system from the initial to final state.

1.3.4 Reversible vs Irreversible Processes

Definition 1:
e A quasi-static process is one that is infinitesimally slow enough so that the
system remains in equilibrium at all times.

e An adiabatic process does not involve heat transfer.

e A reversible process is both quasi-static and adiabatic.

Remark 1: Let Q; and Q; be the initial and final number of accessible states in a process.
For processes that are adiabatic and quasi-static, {}; = €0, and are thus reversible.

Remark 2: Let z be an external parameter and let E,(z) be the energy of the n'”
microstate as a function of x. If x changes quasi-statically, then the sytem does

work: .
(5W:—< n>dx::Fd:n
ox

oFE,
F:=—
(%)

and is called the generalized force conjugate to x.

where

Example: If the system volume changes by an amount dV, then work is done:
dE
oW = pdV, ith p=—(—

pav, w1 p < dV>

where p = pressure is the generalized force conjugate to the volume.

Example: The infinitely slow compression of a gas in a thermally insulated cylinder by a
thermally insulated piston is reversible.
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Definition 2: An irreversible process is one that increases the number of accessible states
such that Qy > ;.

Remark 3: Q; > ); implies that the final state has a higher probability and thus the
system will not spontaneously return to the initial state.

Example: Humpty Dumpty or the free expansion of a gas into a vacuum are examples of
irreversible processes.

1.3.5 Energy, Temperature, and Entropy

Consider a “small” system (1), and a “large” system (2) that are in thermal contact. Let
their energies be E; and FEs and the total energy Ey,; = E1 + Fo and their number of
accessible states are €07 and 5. Let Eq7 = F, then the total number of accessible states for

the whole system:

Qot(E) = 0 (E)Q (Bt — E)
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Remark 1: The total number of states for the whole system is

Qtot = Z Qtot(E)
E

and the probability distribution for F is

o) = el

Remark 2: Recall from §1.3.1.R2, we expect Q0 (F) to be sharply peaked about (E) = U,
the internal energy of system 1.

Definition 1: A system’s entropy is given by:
S:=kpln(QE))

where kp = 1.38 x 10_23% = Boltzmann’s constant.

Remark 3: For two combined systems, 2 = 2,y = S =51 + .55, and thun entropy is
additive.

Remark 4: The entropy change for any process that takes an isolated system from one
macrostate to another is positive semi-definite: AS > 0, where the equality only
holds if the process is reversible.

Definition 2: The temperature, T, of a system is defined as

1098 )
T OE|,, ©° 0E |,y
Also, let
Bz
" kT

Remark 5: For two systems in equilibrium, the equilibrium state (most probable) occurs
when

0 (E)Q(Eir — F)
is maximized. Which also implies
Sl(E) + SQ(EtOt — E)

is maximized. Taking the derivatives to find the max:

0 95 98,
9B [S1(E) 4 So(Eiot — E)] = 5E " op = 0
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=Ty =15 in equilibrium

Remark 6: If x is the value of some external parameter, then let Q(E, z) be the corre-
sponding number af accessible states. Then the generalized force conjugate to x is
given by

10l Q

F_ﬁ oz

Remark 7: The relation between temperature, any external parameter, and the general-
ized conjugate forces,

T =T(x,F)

is called the equation of state.

Remark 8: Knowledge of Q(E, x) or, equivalently, S(E,x) = kplnQ(FE, z), is sufficient
for calculating all the thermodynamic properties. In particular:

godmel 195
- OFE |y’ T OF|p_y
1 0InQ oS
F = — = T R

1.3.6 The Laws of Thermodynamics

First Law:

e For an isolated system, U is a constant.

e If a system is brought from one macrostate to another by a process that causes
the system to absorb heat ) and do work W, then the internal energy changes
by AU=Q —-W.

Remark 1: The first law simply expresses energy conservation.

Second Law:
e For any process that can take an isolated system from one macrostate to an-
other, AS > 0.

e A quasi-static process during which a system absorbs an infinitesimal amount
of heat () gives an entropy change dS = %.
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Remark 2: dS is an exact differential, but §Q) is not.

Remark 3: The 2nd law has profound technical consequences, which will be covered later
in the semester.

Remark 4: Combining the first and second laws gives
dU =TdS — oW
If the work done is purely mechanical, then 6W = pdV

= dU =TdS — pdV

Third Law: S(T"— 0) — 0 (Also called Nerst’s Law)

Remark 5: Dropping the distinction between Q(FE) and Qag(E) is not compatible with
the 3rd law. More generally, entropy can not be defined in a classical context (more
on that later!).

1.3.7 Thermodynamic Potentials

Definition 1: In addition to internal energy, we define:

e Enthalpy: H =U + pV
e Helmholtz Free Energy: FF=U — TS
e Gibb’s Free Energy: G=H — TS

Remark 1: These are obtained from Legendre transforms of the 1st law. For example:

dU =TdS —pdV
=TdS —d(pV)+Vdp
d(U +pV) =TdS +V dp
=dH

Similar transforms give F' and G. These give the differentials:

dH =T dS +V dp
dF = SdT — pdV
dG = —SdT +V dp
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Remark 2: These relations imply

v (3), = (39),

(),

etc. They also imply Maxwell’s Relations:
Op o8
- (0T)v - <8V>T
ory _ (v
op ) g -\ oS »

Remark 3: The specific heats are given by:

_(9QY _ (95 _ (oU
C“‘(dT>V‘T<8T>V‘<6T)V

_(6Q\ . [0S\ _(OH
o=(ar),-7 (o), (57),

1.3.8 The Simple Example: The Ideal Gas
A monatomic ideal gas with N particles has equation of state:
PV =nkgT =nRT

It has internal energy

U= gNkBT
and specific heat / mol:
3
CV == §R
5
Cp = §R

39

Note that these are only valid for monatomic gas. Now, a quasi-static change from (75, V;)

to (T, Vy) gives an entropy change of:

_ Ty Vi
AS—nCVln<Ti> +ann<%>

Remark 1: All of this can be derived from
Q(E) =VVx(E)

where x(F) is not an explicit function of V.
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1.4 Statistical Ensembles

1.4.1 Gibbsian Ensembles
Consider a system in a particular microstate.

Definition 1: A statistical ensemble consists of many identical systems (same number
of particles governed by the same equations of motion) that are all in the same
macrostate but, in general, in different microstates.

Remark 1: This concept makes averaging easier since we can average over members of
the ensemble at a given time rother than following the time evolution of a syngle
system and averaging over long time periods.

Example: Probability of getting a 6 when rolling 1 die once. You can either roll one die
many times, or roll many identical dice at once.

Remark 2: Need to find the probability of a member of the ensemble to be in a certain
microstate. This depends on the physical situation.

1.4.2 The Microcanonical Ensemble
Consider an isolated system in equilibrium whose microstates have energies
E(p,q) for the classical case, or
E,, n=0,1,... for the quantum mechanical case
Define a macrostate by demanding thath the energy lies in an interval [E — AE, E].

Theorem: The probability of the system being in the microstate with energy E(p,q) or
E, is:

1 {1 if E— AE<E(p,q)<E )

p(p; Q)Zm' 0 otherwise

where the integral is taken over the region where £ — AFE < E(p,q) < E and
v=(pq, dy=dpdg, T ={y}

1 1 ftE-AE<E,<FE
=51
Proof: Follows from §1.3.2.P1.

E
P(En) 0 otherwise

Remark 1:

/p(p, Qdy=1; ) p(E,) =1
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And so our normalization is ok.

Remark 2: This ensemble is called microcanonical and () is called the microcanonical
distribution function. It is appropriate for isolated systems.

Remark 3: Microcanonical ensembles lack an obvious temperature concept.

1.4.3 The Canonical Ensemble

Definition 1: A heat bath is a system that is large enough so that any heat that is
absorbed or given off by the heat bath in any thermodynamic process is negligible
compared to its internal energy.

Definition 2: The canonical partition function, Z, is defined quantum mechanically as:
n

and classically, for a system with N particles and 3N degrees of freedom, as:

1 / e=BEM) gy

7= NN

Remark 1: The uncertainty relation implies that the phase space can not be partitioned
into cells smaller than ApAg = h. Thus the factor of A2V in the classical definition.
We'll discuss the origin of the N! later.

Remark 2: A more general definition of the partition function which holds classically and
quantum mechanically is:

o
Z :/ w(E)e PEdE
0
where w(E) is the density of states.

Theorem: For a system that is in thermal contact with a heat bath, the probability of
being in a microstate with energy E,, (QM) is:

1
Pn = EeiﬂEn )
or classically:
1
o (%%)

PE= N NIZC
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where 8 = =~ and T is the temperature of the heat bath.

kT

Proof (QM only): Let 1 = system and let 2 = heat bath. Thus we have that 1 is
in a state with energy E,,, and 2 has energy FE5. Thus, the combined system has

Eiot = E,, + Eo

= constant by 1st law
By §1.3.2.P1, we have that

pn = (const)Qa (B — Ey,)
= pn, = (const) exp [
kp

Because of the heat bath, E;; > E,, so:

05| 1

pn = (const’)exp | —E, OE,

Etot kp
B

= (const’)ePEn

Normalization implies

(const/) = (; eﬁE"> _ =7

Gibbs-Boltzmann distribution.

been prepared so that its energy is not known preci
is known. In this case, T is the temperature a heat

S2(Erot — En)}

1

Remark 3: This is called a canonical ensemble and (xx) is a canonical distribution or a

Remark 4: The canonical distribution also applies to situations where the system has

sely but the average energy, U,
bath needs to have in order for

the average energy to remain U if the system is brought into contact with the heat

bath.

to fluctuations. How big are these fluctuations?

Remark 5: The energy of a system in contact with a heat bath is not fixed, but is subject

Lemma: In a canonical ensemble, the mean energy and the rms energy fluctuations are

determined by the partition function via the following relationships:

_aan

U=(B)=-"5;
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(AE) = <(E - <E>)2>1/2 _ (3261;2Z>1/2

Proof:
Z = Ze_ﬁE"
Thus
_3an B _l@iZ
o8 ZopB
1
_ = —BEn
=~ ZEne
= ZEnpn
= (E)
And
9%InZ 0 1
- = | - En —BEn
082 o8| z D Bue ]

1 (07 _ 1
= —(E) % Y Ene PP 4 (E?)
= —(E)* + (E?)

= (AE)

Remark 6: The heat capacity, Cy = (%)V!

Remark 7: For a macroscopic system with IV particles at temperature T,
U=0O(NkgT)
Cy = O (Nkp)

Proposition 1: The energy fluctuations in a large system described by a canonical en-
semble are gaussian, and the relative energy fluctuations are:

® ()
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with NV equalling the number of particles. So the fluctuations are small, and thus
we need only worry about the averages.

Proof: Consider a large system, and divide it up into n identical subsystems that
are each still macroscopic (and n > 1). Let each subsystem have energy E;, (i =

1 2 3

1,...,n). Thus, the total energy of the system is:

n
Bt =Y E;
=1

Due to fluctuations, E; are random variables that obey the canonical distribution.
Thus each subsystem has a canonical partition function:

_gpW@
m

where E,(fl) is the energy of subsystem number i. The subsystems are identical, and
thus z; = z. Thus, the partition function of the whole system can be written:

Z =2z"
The canonical distribution has a finite variance, and hence CLT applies. By §1.2.6,
we have:
xi=nE; (1=1,...,n)
1 n
y=_ Z x;, =F
=1
1 —(E - <E>)2}
= p(F) = ex
8) = e exp [
with

o2 = Z; (<E§> - (Ei)2> =n{((E - (E))?) = n(AE)?

By the above Lemma:

s nd?lnz  9*mmZ T
o° = a5z~ o = (AE;q) _BCV
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E? U2 023 Y 7 | NkpT NkgT

2 2
(AEtot) o 1T T ]{ZBT NkB:| -0 |: 1:|

Remark 8: A macroscopic system has an extremely sharp gaussian energy distribution.

Proposition 2: In a canonical ensemble, the Helmholtz free energy is given by:
F=—kpTlhZz

Proof: Let = be an external parameter that characterizes the system. Then the
energy level £, = E,(x).

=7 = Ze_ﬁE"(x) =Z(B,x)

If we change x, f quasi-statically by dz and df respectively, then

olnZz 8an
ap df +

=-UdB+ — Z(
=—Ud5—ﬁ<

dln 7 =

dx

>

By §1.3.4.R2:

= —UdB+ BW
= BOW — d(UB) + BdU
= B(6W +dU) — d(UB)
zﬁ(éQ) —d(UB)

ﬁT ds — d(UB)

= d(InZ+UB) = ki ds
B

= S=kp (an—l—BU):kBan—i—% (up to a constant)

Thus by the definition of F":

F=U-TS
=—kpTInZz

Remark 9: F, and therefore Z, determine all thermodynamic quantities.
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Corollary 1: Up to a constant,

0lnZ
=kplnZ + kgT
S pInZ 4+ kp a7
Proof: By §1.3.7:
oF O0lnZ
S = _ﬁ —kBan+kBT oT
Corollary 2::
InZ
b= kBTa n

Proof: Also by §1.3.7:

oF 0 olnZz

p:

1.4.4 The Grand Canonical Ensemble

Consider System @ in contact with a heat bath (System @):

In this case, due to the perforated boundry, both heat and particles can be exchanged.

Remark 1: The particle number N is not fixed, and so the number of accessible states
depends on both N and F.

= Q=Q(E,N)

Definition 1: The chemical potential, i, of a system is

19mQ
H="3 9N |k

(E)=U
=(N)
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Remark 2: —fu is related to N as 3 is related to energy (§1.3.5.R):

5= 0Iln Q) B = 0ln Q)
OF |p_py ON NE:=<]({[>

Remark 3: Many properties of 8 carry over to u. In particular, two systems in equilibrium
with one another have the same p. In addition, a heat bath will have constant pu.

Definition 2: Let E7(1N) (n=0,1,...) be the energy levels of @ when it contains N parti-

cles. The grand canonical partition function is defined as

OO
N=0 n=0

Remark 4: Here we restrict ourselves to quantum mechanics.

Theorem: The probability of system @ being in a macrostate with N particles and energy
EWN)

n 1S
1
Y = exp [—B (Ele) — uN )]
Proof: Generalizing §1.4.3, we have that
E7(LN) + Ey = Byt

N 4+ Na = Niot

$2(F2, N2) = kg Qs (it — B, Nigt — N)

InQ
~ kpIn Qs (Etot, Nitot) — kBE&N) %

=C — kpBEWN) + kgNBu

(N)
= pN) Q= Se/kn — ¢l BB BN

where C in an constant. Normalizing, we find that

1
I—i
C_Z
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Lemma: In a grand canonical ensemble, the thermodynamic potentials U, H, F, G obey
the relations:

dU =TdS — pdV + udN, U(S,V,N)
dH =TdS+Vdp+ pudN, H(S,p,N)
dF = —SdT — pdV + udN,  F(T,V,N)
dG =—=SdT +Vdp+ pdN, G(T,p,N)

Proof: Recall that

But then

).

U+ = dV——dN

oS 08
dU+<8V> dV+<aN)UV dN

)

1
=_d
T
= dU =TdS — pdV + udN

Performing Legendre transformations, it follows that:

H=U+PV=dH=TdS+Vdp+udN
F=U-TS=dF = —SdT — pdV + udN
G=F+pV =dG=—SdT +Vdp+ udN

Remark 5: u is the energy change that results from adding one particle to the system
adiabatically (dS = 0) and isochorically (dV = 0).

Lemma 2: The Duham-Gibbs Relation:
G =Ny

Proof: By Lemma 1:
G =G(T,p,N)

We expect G to be proportional to N, and so we let

G(Tapa N) = Ng(T7p) (*)
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Now, again by Lemma 1:

oG G
p= <0N>T,p =g(T,p) = v

= G =uN

Remark 6: It is not obvious that (x) holds. See §1.4.5 for a discussion and derivation of

().
Proposition 1: In a grand canonical ensemble:
J:=—kgTInZz
defines a thermodynamic potential whose differential is
dJ =-8dI' —pdV — Ndu

which is also equal to
J=—-pV

This is called the grand potential.

Proof: Perform a Legendre transformation from F = F(T,V,N) to J = F — uN =
J(T,V, ).

=dJ=dF — udN — Ndu
=-5dI'—pdV — Ndu

From Lemma 2 (G = uN):
=J=F—-uN=F—-G=F—(F+pV)=—pV
We must still show that:
J = —kBTan

Now

) = %eXp [—BEéN) + BuN }

~ Qs (Buot = EX, Nigt = N)
~ Qtot
0 (BN, N

= np™ =C+1n Qo — I (E,gN>,N>
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=S =kp <ln§21 (ET(ZN),N)> = — <lnp,(1N)> up to a const
= kynZ +kpB(EX) — knfu (N)
Multiplying everything by (—T7") yields

—kpTInZ =TS+ U — u(N)
=F — pu(N)
=J

Proposition 2: In a grand canonical ensemble, the mean particle number is given by

olnZz
op

Z2=3 "Ny ¢—BESY
N n

(N = kpT

Proof: See HW.

1.4.5 The Thermodynamic Limit and the Durham-Gibbs Relation

Consider a macroscopic system, V = O(1 cm3, N = 0(10?°), which is huge compared to
its microscopic dimensions of N ~ O(1),V ~ O <1A3>. Recall that the free energy is
F=F(T,V,N).

Definition 1: The limit asV—)ooandN—)oosothatn:%:Candf:§:6<oo
is called the thermodynamic limit.

Remark 1: For practical purposes, macroscopic systems are in the thermodynamic limit.

Definition 2:
e Consider a function of n variables, f(x1,...,z,). It is a homogeneous function of degree a
if the number a € R exists so that

fbxy, ... bxy) =0"f(x1,...,2) Vb>0

e fis a generalized homogeneous function if n+ 1 numbers [z1], [z2], ..., [zn], [f]
(not all zero) exist so that for all b > 0

Foldey by, o plenle )y = B f (2 2, 2y)

Examples:
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1. If we have the case where n =1, f(x) = cx®
= f(bx) = c(bx)® = b%cx® = b f(x)
= homogeneous function of degree a
If instead we had n =1, f(x) = In(x):
= f(bzx) =In(br) =Inblnz
= Not homogeneous

2. Now consider when n = 2, f(z,y) = 2% + 2y + y*/%. Let’s choose [z] =
1, [y] = 2.

= [0z, bVy) = f (b, b%y)
= (b2)* + (bx) (by) = (by)*/*
— 3 (xs + oy + y3/2>
=0’ f(z,y)
= f(z,y) is a generalized homogeneous function with [f] = 3.

What is we hadn’t known what [z] and [y] were?

x3b3[l’] + b[l’}-i-[y]xy + b3[y]/2y3/2 — b[ﬂ (1'3 +xy + y3/2)

=[]+ [y] = 3[2] = Sy = [f]

So we basically have 3 equations, 3 unknowns. The solution will be unique up
to a redefinition of b. As a counter example, consider:

n=2: f(z,y) = 23 + e is not a generalized homogeneous function

Consider now a d-dimensional system in the thermodynamic limit, and change all linear
dimensions by a factor of b > 0.

L
LI ==

TE T
VoV =bV

Remark 2: Under this transformation, in order for n = % to remain constant, we must
have
N — N' =b"IN
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Remark 3: If the system is in contact with a heat bath, where the system is huge in
comparison to the microscopic limit, and the heat bath is huge in comparison to

the system, then 1" does not change upon changing volume.

T—T =T

Lemma: The Helmholtz free energy is a generalized homogeneous function of T, V, N,

namely:
F(T,V,N) = b'F <T, Vb, Nb*d)

Proof: By Definition 1:

/ !/ !
PTLLA ;/‘,/ N vy
= f(T,V,N) in the thermodynamic limit
_F(T,V,N)
B Vv

= F(T,V,N) = %F (T",V',N')

— iR (T, b=y, b*dN)

Remark 4: [f] = —d,[V] = —d,[N] = —d, [T] = 0 are called scale dimensions of
F,V, N, T respectively.

Remark 5: Let A and B have scale dimensions of [A] and [B]. Then [AB] = [A] + [B].

Lemma 2: There exists a function F'(z,) such that

F(T,V,N)=NF <T, Xf)

Proof: The value of b in Lemma 1 is arbitrary so long as it remains positive. Thus,
lets let b = N1/4,

= F(T,V,N) = NF(T,N~'V,1)

Define F (z,y,1) : = F(z,y).
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oF oF
N(azv>V,T+V<av>NT—F

)

Lemma 3:

Proof: By Lemma 2:
=T

OF - 1% —V\ OF(z,y)
(o), = F () + v () 75
’ y=V/N
(VN V [0F(zx=T,y=V/N)
- <T’ ) N ( By
(20 niok
ON )y N Oy
OF OF . 1%
=N <aN> o +V <3V)N,T =NF <T, N) = F(T,V,N)

Theorem: Again, G = N by the Duham-Gibbs Relation.

Since

Proof: By §4.4.L1 = dF = —-S5dT —pdV + pudN.
L (oF _(oF
P==\ov ),y "7 \oN ),y

G=F+pV

OF
= <av>T,NV

F F F
=N 8— +V a— -V a— by above L3
ON ) v oV )ryn oV )N

_n(2F
a ON TV

Now

Remark 6: The above proof did not use §4.4(%). (G(T,p,N) = Ng(T,p))

Remark 7: §4.4(%) can be obtained as follows:
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== 5] = || = 1F-wi=0

— G(T,p,N) = —bF¢ <Tbm, pbl?l, NbUW)
= bvlG(T,p, Nb~%)
Let b= N1/4:
= G(T,p,N) = NG(T',p,1) : = Ng(T' p)
where g(z,y) := G(x,y,1). Thus the proof of the Duham-Gibbs relation in §4.4

was indeed true, just not obvious.

1.4.6 Systems in Magnetic Fields
In general, work is not purely mechanical for systems in magnetic fields.

Lemma: A magnetization change dM by a magnetic field requires work éW = B - dM.

Proof: We want to magnetize the system by letting it approach the bar magnet

from x = —oo. Let the field be axi-symmetric along the x-axis and B(x — oo) — 0.
r=a

<
<< +J
< e
< (@)}
< System =
< —_
< )
< a8}
< =

B

Also let the final position by x = a. The attractive force at point z is:

dB
F=M(x)—
(@)
To do this process quasi-statically, we need a balancing force Fpyiance = —F. So we

want to apply force:
dB

Fbalance(x) = _M(x)a
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which does work

/ M(x —dw

= —M(a)B(a) + /a CZAjB( )dz (int by parts)

M(a)
= —M(a)B(a) +/0 B(z)dM

To find the work it takes to magnetize the system in the absence of any other
changes, we now take the system back to x = —oo while keeping magnetization
fixed at a value M(a). This requires work.

/ M(a —dx

)[O—B(a)]
ZM( )B(a)

So the total required work to magnetize the system is:
M(a)
W_W1+W2_/ B(M)dM
0

For an infinitesimal magnetization then, the amount of work done on the system is

oW =B-dM

Proposition: For a magnetizable system in a magnetic field, the free energy obeys
dF = -SdI' —pdV — B-dM + pdN

Proof: dU = 6Q —0W =T dS — B-dM for purely magnetic work. The rest follows
as before.

Remark 1: By means of a Legendre transformation, F = F+ B-M, one can switch from
F=F(T,V,M,N) to F=F(T,V,B,N). Similar things can be done for the other
thermodynamic potentials.

1.5 Quantum Statistical Mechanics

1.5.1 The Postulates of Quantum Statistical Mechanics

Let a system at time ¢ be in a quantum state |1)(¢)). Expand this state in a complete set
of orthonormal functions {|p,)}.

Zc )en),  Cu®)eC
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Remark 1: |C,(t)|* is the probability for a system to be in state |¢,) at time ¢.

Remark 2: The time evolution of |¢(¢)) is determined by Schrodinger’s equation:

0 .
iho, [9(1) = H [¢(t)

with H representing the systems Hamiltonian operator, and we assume H to be
time-independent. A deterministic system would imply that if you know state
|1(0)), then you know the system’s state at all future times.

Remark 3:
(oml¥(t) ZC (Omlen) = Cn(t)

<80 thoy ¢ >=<s0n
%:Cm(t) <s0n H‘som>

= Z H,
where H,,, are the matrix elements of the Hamiltonian.
i
= ﬁ Z Hyym Co(t)
i x
= h Z HynCr, (1)

Here (p|t) is a scalar product in Hilbert space and we have used the fact that H
is hermitian.

:>zhC'

n

(1))

~ A~

H' =H = H,=Hnm

Let A be an operator in Hilbert space that corresponds to some observable A. From Phys
515/516, we know thath the expectation of A in a state () is given by:

(4) = (vw)]Alvw)
= >~ CrOCm(®) (o
=Y Cr)C

A

on)



1.5.

QUANTUM STATISTICAL MECHANICS o7

Remark 4: The normalization of |¢)(t)) implies that

S ICa (0P =1

Remark 5: <A> is the average value obtained for the observable, taken from a large

number of simultaneous measurements on equally prepared systems.

Remark 6: Quantum Mechanics implies an averaging concept even in the absence of
statistical mechanics considerations.

Remark 7: Due to the butterfly effect, we are never quite sure which state the system is
in, and therefore we need an ensemble average. Thus the ensemble averaged values

of <A> (which is now a random variable due to butterflies) is:

(A) =D {Cr(H)Cn(D)) Anm

nm

For a deterministic quantum mechanical system, [¢)(¢)) describes a system for all time given
[4(0)). For example, let [¢(0)) = [1) + 2 [@2):

Co(t=0)=2
In 2 dimensional Hilbert space:
P2
|4(0))
0> 0) = V3 o) ?1

The butterfly effect means we are not ezactly sure what the state of |¢(0)) is.

= Htotal = Hsystem + Hsystem-i—butterflies
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Definition 1: The density matrix or statistical operator of the system is defined as the
operator p whose matrix elements are

Prm (t) = (enlplem) : = (Cm(t)Cy (1))

Remark 8: As in §4.1, the average above can be considered either as a time average for
one system, or as an ensemble average at a given time.

Proposition 1: Let p be the statistical operator of some system. Let Abe an operator that
corresponds to observable A. Then the ensemble average </1> of the expectation

value A of A is given by:
(A) = tr (ﬁA)

Proof:
o 6) - S il
= Zn:Z (pnlplom) <90m‘121
=3 punon
= %mn: (Cn ()T () Amn

= 3 {Ca(OC(0)) A

= (4)

o)

Proposition 2: The statistical operator obeys the Liouville - von Neumann equation:
ihdup(t) = [, p(t)|
Proof:
ihOypram = il (<o‘n(t)0;(t) n cn(t)c'*;;(t)»
=D (Hus (Cs()C (1)) = Hom (Cu(8)Crr (1))

= Z (Hnspsm - pnsHsm)
s
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Corollary 1: For a system in equilibrium, the density matrix commutes with the Hamil-
tonian, [ﬁ,,ﬁ} =0.

Proof: In equilibrium, p is not a function of time.

= Oipeg =0 = [Fl,ﬁ] =0

Corollary 2: In equilibrium, p, can depend only on the Hamiltonian and operators that
commute with the Hamiltonian. (L.e. that correspond to conserved quantities.)

Let ¢, be energy eigenstates:

I:ISOTL = LinPn

Quantum mechanics tell us that, if A commutes with H , then ¢, can be chosen so that
they are eigenstates of both A and H.

Corollary 3: In this basis, the density operator is diagonal:

Pnm = 5nmpn

where p, is a function of the F, and of the eigenvalues of any other conserved
quantities that p depends on.

Corollary 4:

d
Liouville’s Equation: T (p,q,t) =0

Postulate 1 - Postulate of Equal a priori Probabilities: For an isolated system in
equilibrium:

Pn = p(En)

with p, given by equation (x) in §4.2.
Remark 9: “Isolated” means isolated up to the butterfly effect.
Postulate 2 - Approach to Equilibrium: This is the exact same as done in §1.3.2.P2.

Remark 10: Remaining job: to find the statistical operator for systems that are not
isolated.
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1.5.2 The Density Matrix for Various Ensembles

Microcanonical Ensemble: By §5.1, the statistical operator in terms of its matrix ele-
ments in a basis of energy eigenstates is:

dot 1, EFE-AE<E,<FE
——cdo
P = Z 1 0, otherwise

Canonical Ensemble: By §4.3, the correct matrix elements are given by:
1 A
s —BH
with Z = tr <e*6ﬁ ) being the canonical partition function. We can also write
Z =tr (67BH>
=3 (enle”?
-3 (e

_ —BEy,
Zn: e

)
)

Grand Canonical Ensemble: By §1.4.4:

1 ~ ~
p = ZE*B(H*,U,N)

where N is the number operator and
Z =tr (e_ﬁ(H_“N)>
is the grand partition function. We know that

ﬁ’@n7N> :Enlson,N% N‘Son,N> :Nn‘SDn,N>
And thus we can write Z as:
Z =tr (e_ﬂ(ﬁ_”ﬁ)>

= Z <90n,N )eiﬁ(HiuN) ‘@n,N>
<S0n N

B(En—pNn)

|
S

SDn,N> since [ﬁ,]ﬂ =0

—B(E—n—pNn)

e

3
=
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Remark 1: All thermodynamic quantities can be calculated from the partition function
as before. In particular, in the canonical ensemble, we have

F = —kpTZ = —kpTn [tr (777}
and in the grand canonical ensemble:

J:—@TmZ:—@Tmh%éMHWMM

Remark 2: Statistical mechanics, quantum or classical, then boils down to calculating
partition functions.

1.5.3 Fermions and Bosons

Consider a quantum system consisting of N particles, which, for simplicity, we will take
to be non-interacting. Let the single particle energy levels be denoted £(n = 0,1,2,...).
Each of the corresponding eigenstates can be occupied by 0,1, 2, ... particles.

Postulate 1: Quantum particles come in two species: fermions and bosons. For fermions,
at most one particle can occupy a given energy eigenstate, while any number of
bosons can occupy any given energy eigenstate.

Remark 1: The restriction on fermions applies only to fermions of the same kind (eg, all
electrons) whose quantum numbers are the same.

Remark 2: The fermionic restriction is known as the Pauli Exclusion Principle.

Remark 3: Fermions have half-integer spin, whereas bosons have integer spin.

i+t i+t
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