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Every finite Abelian group G is isomorphic to a unique group of

the form Zp1n1 ® Zp§2 DD Zp:k

Proof.

1.

G = Hy x Hp x - -+ x Hx where |H;| = p;" for p; prime.

(H; not necessarily cyclic.)

Let |G| = p"m where pfm, and let H = {x € G| x”" = e} and
K={xe G|x™=e}.

H<Gand K < G.

HK = G. (by Bézout’s Identity)

HN K = {e}.

G=HxK.

|H|IK| = p"m.

p/IK|.

IH| = p".

G = Hy x Hy x --- x H, where |H;| = p,f"' for p; prime. (Induction)
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Every finite Abelian group G is isomorphic to a unique group of

the form Zpﬁ ® Zp§2 DD Zp:k

2. (a1) x (ap) x --- x (a;) for elements a;, a,...,a; € H;.

H; =
a. Let a € H; with maximal order |a] = p™. If m = n; then H; = (a).
b. xP" = eforall x € H;.
c. Let b ¢ (a) with minimal order. [b°| = |b|/p.
d. bP = & for some integer j.
e. [bP| < p™ 1.
f. plj, so pr = j for some integer r.
g. Letc—a 'b. c¢(a).
h. |c| =
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H . L for some L < H. (Induction hypothesis)
Let ¢ : H; — H be given by ¢(x) = x(b),and L = ¢~ '(L). (a)NL = @.
H;

Hi = (a1) x (a2) x --- x (&) for elements a1, @, ..., a; € H;.



Every finite Abelian group G is isomorphic to a unique group of
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3. If Hi= Cy x Gy x --- x Ci for cyclic groups with
’01’ > ’Cg’ > ...> ’Ck‘ and H,': Dy x Do x -+ % Djforcyclic
groups with |D;| > |D| > ... > |D;| then k = jand C; ~ Dy,
Cg%Dg,..., Ck%Dk.
a. f k=1andj=1then C; ~ C..
b. H,P = {hP| h € H;} is a proper subgroup of Hi;.
c. H? = CP x C8 x - x C, where Kk’ is the largest value of i for which
|Cil > pand HY = DY x D x --- x Djj where j' is the largest value of
i for which |D;| > p.
d. K =jand C{ ~ D}, Cf ~ Db, ..., Cf, ~ Dl’.?. (Induction hypothesis)
e. k—k =j—j.
f. k:jand Ci~=Dy, Co=Ds,..., Ck%Dk.
4. Gis isomorphic to a unique group of the form
7z n1 ¢ Z n2 E&---PZ ”k
a. G is |somorph|c to such a group.
b. This group is unique.



