* Groups! %

A group is a non-empty set G together with a binary operation « on G
that satisfies the following properties.

0. Closure. axb e Gforall a,b € G.
1. Associativity. (axb)xc=ax(bxc)forall a,b,c € G.

2. Existence of an Identity. There exists an element e € G such
thataxe=exa=aforallac G.

3. Existence of Inverses. For all a € G, there exists an element
be Gsuchthatasxb=bxa=e.

@ Missing from the definition of groups:
Commutativity. ab = bafor all a,b € G.
If G satisfies the commutative law, then G is Abelian.

@ Common notation: Thinking of the operation as addition we could
write a + b, with identity 0 and inverses —a.
Thinking of the operation as multiplication we could write ab, with
identity 1 and inverses a—".



Historical development of groups

@ From geometry, August Mobius in 1827 and Felix Klein in 1872
classified geometric spaces by their groups of symmetries.

@ From number theory, Carl Friedrich Gauss in 1801 and Ernst
Kummer in 1847 used groups to prove algebraic properties of
numbers.

@ From algebra, Paolo Ruffini in 1799 and Evariste Galois in 1829
used groups to solve polynomial equations.




