Isomorphisms

An isomorphism ¢ from a group G to a group G is a bijection
¢ . G — Gthatis operation preserving, which means

¢(ab) = d(a)p(b).

If there exists an isomorphism from G to G, then we say that G and G
are isomorphic and write G ~ G.
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Properties of Isomorphisms

Let ¢ : G — G be an isomorphism.

Q |G| =G|

Q v(eg) = eg.

Q (¢(a) ' =¢(a')forallac G.

Q «(a") = (¢(a))"forallac Gand ne Z.

@ aand b commute if and only if p(a) and ¢(b) commute.
O Gis Abelian if and only if G is Abelian.

@ G=(a)ifandonly if G = (¢(a)).

Q |a = |p(a)| forallac G.

© Forany subset H C G, H < Gif and only if o(H) < G.
@ 4(2(G)) = 2(G).



Amazing things about isomorphisms

An automorphism of G is an isomorphism ¢ : G — G.

The set of automorphisms of G, Aut(G), forms a group under function
composition.
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Cayley’s Theorem
Every group is isomorphic to a group of permutations.
In particular, every finite group is a subgroup of Sy,.




